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Ballistic Conductance Fluctuations

256 Interference effects in nanostructures I

oscillations have an effective path length twice as long as those with the
h/e period, we expect αh/e = αh/(2e)/2. However, the h/e-periodic os-
cillations are strongly affected by averaging over the energy (derivative
of the Fermi function in the expression for the conductance), whereas the
h/2e oscillations are not. Therefore, in the experiment αh/e > αh/(2e)/2.
The h/e-periodic Aharonov–Bohm oscillations are therefore not so well
suited for a determination of the phase-coherence time, and it is prefer-
able to use the decay of the h/2e-periodic Altshuler–Aronov–Spivak os-
cillations for the determination of τϕ. In our example, we find

lϕ(T ) ∝ T−1 ⇒ 1
τϕ

∝ T,

i.e., the decoherence rate increases linearly with temperature as expected
for a thermal bath.

14.8 Conductance fluctuations in
mesoscopic samples

The Aharonov–Bohm effect is the basis for the understanding of mag-
netoconductance fluctuations occurring also in singly connected meso-
scopic samples. This phenomenon occurs in ballistic systems, where the
elastic mean free path le is larger than the system size L, i.e., le ≫ L, or
in diffusive systems with le ≪ L. In both cases, the phenomenon arises
only if the phase-coherence length lϕ is larger than the system size L,
i.e., if lϕ ≫ L. Typical values lϕ > 1 µm can be reached in experiments
below 1 K in high quality samples.

Ballistic conductance fluctuations. We start the discussion with
the ballistic variant. Fig. 14.24 shows schematically a mesoscopic sam-
ple with two contacts. The conductance of the sample is given by the
transmission between the two contacts. According to the rules of quan-
tum mechanics (Feynman et al., 2006) the transmission probability is
the square of the sum of many complex-valued transmission amplitudes
of different paths between the two contacts. Two such paths, γ1 and γ2

are indicated schematically in the figure. Many pairs of these paths have

contact 1

contact 2

2

1

Fig. 14.24 Mesoscopic sample with
two contacts. The paths γ1 and γ2
are two of many paths contributing to
the total transmission from contact 1 to
contact 2, and thereby to the conduc-
tance.

a common starting and end point. They therefore enclose a certain area.
In a small magnetic field (we again require Rc ≫ L), such pairs lead to
interference terms in the total transmission having an Aharonov–Bohm
period corresponding to the enclosed area. Therefore the conductance
in a magnetic field contains an interference contribution

Gint =
!

mn

|tm| |tn| cos(θm − θn) cos(2πeBAmn/h),

where Amn is the area enclosed by the paths m and n. Although the
statistical distribution of the areas Amn and of the phase differences
θm − θn leads to averaging where interference contributions cancel each
other, averaging is not complete in a sufficiently small sample. Even
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Fig. 14.25 Measurement of ballistic
conductance fluctuations in a sample
consisting of 25 mesoscopic squares,
coupled via quantum point contacts.
Current is driven from source (S)
to drain (D). The sample was pat-
terned using AFM lithography on a
two-dimensional electron gas in the
Ga[Al]As material system.

at zero magnetic field, fluctuations can be observed as a function of
the electron density in the structure, because the phase differences of
paths depend on the Fermi velocity, which can usually be tuned using
gate voltages. These ballistic conductance fluctuations (BCF) disappear
with increasing temperature as a result of thermal averaging and deco-
herence, in complete analogy to the disappearance of Aharonov–Bohm
oscillations in ring structures. The ballistic effect can be observed if the
elastic mean free path le is large compared to the sample size L as long
as the sample size L is not much larger than the phase coherence length
lϕ.

Figure 14.25 shows an example for ballistic conductance fluctuations
in the sample that is shown as an inset in the upper right corner. The
source contact is at the top left, the drain contact at the bottom right.
Electrons move ballistically in the 1µm × 1 µm squares which are con-
nected by narrow constrictions. The fluctuations appear as a function
of magnetic field and are completely stable and reproducible in time.

Universal conductance fluctuations. The same effect also arises in
diffusive systems, where the electronic motion is strongly influenced by
elastic scattering. In such systems, however, the relation between the
phase coherence length lϕ and the coherence time τϕ is no longer given
by eq. (14.31), but by the relation

lϕ =
!

Dτϕ.

Here, D = vFle/2 is the diffusion constant for two-dimensional systems.
In diffusive systems, the effect is known as universal conductance fluctu-
ations (UCF), because it is theoretically predicted that for temperatures
T → 0 the amplitude of the fluctuations is of the order of the conduc-
tance quantum e2/h, if the phase-coherence length lϕ is larger, or of
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Quantum Hall Effect (Graphene)

• Usual Landau levels
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Fig. 16.31 Quantum Hall effect and
longitudinal resistance measured on a
graphene Hall bar at a temperature of
1.7 K.

The envelope functions are then described by the equation

!c

!
0 −i∂x − y/l2c − ∂y

−i∂x − y/l2c + ∂y 0

"!
Aq(r)
Bq(r)

"

= E

!
Aq(r)
Bq(r)

"
.

Letting !
Aq(r)
Bq(r)

"
= eiqxx

!
Aq(y)
Bq(y)

"

and ϵ = E/!c we obtain
!

0 qx − y/l2c − ∂y

qx − y/l2c + ∂y 0

"!
Aq(y)
Bq(y)

"
= ϵ

!
Aq(y)
Bq(y)

"
.

We decouple this system of equations by multiplying both sides of one
equation by ϵ and inserting it into the other and vice versa. This leads
from

(qx − y/l2c − ∂y)Bq(y) = ϵAq(y)
(qx − y/l2c + ∂y)Aq(y) = ϵBq(y)

to

(qx − y/l2c − ∂y)(qx − y/l2c + ∂y)Aq(y) = ϵ2Aq(y)
(qx − y/l2c + ∂y)(qx − y/l2c − ∂y)Bq(y) = ϵ2Bq(y).

Further simplifications give
#
−∂2

y + (qx − y/l2c)
2
$
Aq(y) = (ϵ2 − 1/l2c)Aq(y)

#
−∂2

y + (qx − y/l2c)
2
$
Bq(y) = (ϵ2 + 1/l2c)Bq(y).
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Localization of Dirac Electrons in Rotated
Graphene Bilayers
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ABSTRACT For Dirac electrons the Klein paradox implies that the confinement is difficult to achieve with an electrostatic potential
although it can be of great importance for graphene-based devices. Here, ab initio and tight-binding approaches are combined and
show that the wave function of Dirac electrons can be localized in rotated graphene bilayers due to the Moiré pattern. This localization
of wave function is maximum in the limit of the small rotation angle between the two layers.

KEYWORDS Graphene, graphite, Moiré pattern, electron localization, ab initio, tight binding

Graphene is a two-dimensional carbon material that
takes the form of a planar lattice of sp2 bonded
atoms. Its honeycomb lattice consists in two sublat-

tices which gives a specific property to the wave function,
the so-called chirality. The linear dispersion relation close
to the charge neutrality point implies that, in this energy
range, the electrons obey an effective massless Dirac
equation.1-3 The properties of electrons in graphene, deriv-
ing from the Dirac equation, are fundamentally different
from those deriving from the Schrödinger equation. In
particular the quantum Hall effect is quantized with integer
plus half values4,5 and can even be observed at room
temperature.6 Another example of the unique behavior of
Dirac electrons is the so-called Klein paradox which is
intimately related to the chirality of their wave function. The
Klein paradox is the fact that, in a one-dimensional config-
uration, a potential barrier is perfectly transparent for
electrons. As a consequence it is difficult to localize Dirac
electrons with an electrostatic potential, although it can be
of great interest to realize this confinement, in particular for
the production of elementary devices.7,8

Therefore it is necessary to improve our knowledge of the
behavior of Dirac electrons in various types of potentials. For
disordered potentials specific behavior related to the chirality
of Dirac electrons, such as weak antilocalization effects, have
been predicted theoretically9 and observed in epitaxial
graphene.10-13 Recent STM measurements, performed on
epitaxial graphene, have also confirmed the absence of
backscattering related to the Klein paradox.14 For periodic
systems several studies have been published concerning
either a simple graphene sheet in an applied periodic
potential or periodic bilayers.15,16 The bilayer system17-21

has shown an unexpected and rich behavior. The well-

known Bernal AB stacking leads to massive quasi-particules
with quadratic dispersion close to the Dirac point. Yet it has
been recognized recently in the scientific community (see
for instance the recent review in ref 22) that another
important case is that of rotated graphene bilayers, which
are observed for example in epitaxial graphene on the
C-terminated face of SiC.17

In a rotated bilayer the superposition of the two honey-
comb lattices generates a Moiré pattern with a longer period.
The two Dirac electron gases are then coupled by a periodic
interaction, with a large supercell, which can restore a Dirac-
like linear dispersion. Graphene-like Dirac cones were re-
cently observed by angle-resolved photoemission spectro-
copy (ARPES) on a sample that consists in 11 C layers on
the C face of SiC.23 However fundamental issues are con-
troversial. In particular Lopez dos Santos et al.19 conclude,
from a tight-binding perturbative treatment of the interplane
coupling, that the velocity can be renormalized and tend to
decrease in a rotated bilayer with respect to its value in pure
graphene. On the contrary Shallcross et al.20 conclude from
ab initio calculations and from some general arguments that
the velocity is unchanged in rotated graphene bilayers.

In this Letter we combine ab initio and tight-binding (TB)
approaches. In agreement with ref 19, we conclude that
there is a renormalization of the velocity for bilayers as
compared to pure graphene. Our main result is that the
velocity tends to zero in the limit of small twist angles which
means that this type of coupling is able to confine the two
Dirac electron gases. We also show that the electronic wave
function tends to localize in regions of the bilayer which are
locally similar to the AA arrangement.This new localization
regime should be observable since angles close to a degree,
for which we predict strong localization effects, are found
in some rotated multilayers. Indeed recent ARPES results
show the existence of many possible rotation anglesslarge
and small.23 Furthermore, large Moiré patterns sand then
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d is the distance bewteen two orbitals, a is the nearest
neighbor distance within a layer, a ) 1.42 Å, and a1 is the
interlayer distance, a1 ) 3.35 Å. The first neighbor interac-
tion in a plane is taken equal to γ0 ) 2.7 eV and second
neighbor interaction in a plane equal to 0.1γ0

33 which fixes
a value of the ratio q/a in eqs 3 and 4. γ1 ) 0.48 eV is the
interlayer coupling between two orbitals in AA stacking. All
pz orbitals have the same on-site energy in both planes. We
have chosen this on-site energy such that the energy of the
Dirac point equals 0.

Localization by Moiré Patterns. We have performed
band structure calculations on a large number of structures.
For structures that could be studied by both ab initio and
TB methods, the agreement is always excellent.32 In all (n,
m) bilayers, excepted the Bernal AB stacking, band disper-
sions E(kb) arround Dirac points K are linear with k for energy
E > 0.5 meV. Note that the small energy range, E < 0.5 meV,
is not experimentally relevant in most circumstances. For
example Figure 2 presents the band structure calculated with
VASP and with the TB method for (n, m) ) (6, 7) and
therefore θ ) 5.08° and N ) 508. From calculated band
dispersions along Γ-K, we compute the velocity V

V ) 1
p

∂E
∂k

of Dirac states around the K point. VASP and TB agree very
well and show a decrease of the velocity by about 15% in
the (6, 7) bilayer with respect to monolayer graphene veloc-
ity. We have checked that the velocity remains isotropic in
the linear region up to a few percent. We note also that for
angles within a few degrees of 0° or 60° the bands become
flat and the energy range in which the bands are linear
decreases (Figure 3).

As stated above the geometry of the Moiré depends
essentially on the angle θ, in the limit of small θ. This reflects
in the band dispersion which depends essentially on the
rotation angle θ between the two layers for all cases studied
here and in particular in the small angle limit.

We performed a systematic study of the renormalization
of the velocity close to the Dirac point, compared to its value

in a monolayer graphene, for rotation angles θ varying
between 0° and 60° (Figure 4). The renormalization of the
velocity varies symmetrically around θ ) 30°. Indeed, the
two limit cases θ ) 0° (AA stacking) and θ ) 60° (AB
stacking) are different, but Moiré patterns when θf 0° and
when θf 60° are similar because a simple translation by a
vector transforms an AA zone to an AB zone.

Focusing on angles smaller than 30°, we define three
regimes as a function of the rotation angle θ (Figure 4). For
large θ (15° e θ e 30°) the Fermi velocity is very close to
that of graphene. For intermediate values of θ (3° e θ e
15°) the perturbative theory of Lopez dos Santos et al.19

predicts correctly the velocity renormalization. But for the
small rotation angles (θ < 3°) a new regime occurs where
bands are very flat (Figure 3) and the velocity tends to zero.
This remarkable localization regime cannot be described by
the perturbative theory of Lopez dos Santos et al.19

This new localization mechanism by the potential of the
Moiré with very small angle leads to a strong peak in the local

Vppσ ) γ1 exp(qσ(1 - d
a1

)) with
qσ

a1
)

qπ

a
(4)

FIGURE 2. Calculated band structure E(kb) in commensurate bilayer
cell (n, m) ) (6, 7), θ ) 5.08°, N ) 508.

FIGURE 3. TB band structure E(kb) in commensurate bilayer cell (a)
(n, m) ) (19, 20), θ ) 1.70°, N ) 4564, and (b) (n, m) ) (33, 34), θ
) 0.99°, N ) 13468. The dashed line is the monolayer graphene.

FIGURE 4. Velocity ratio Vbi /Vmono for a commensurate (n, m) bilayer
cell versus rotation angle θ: circle, VASP; cross, TB calculations. The
line is the model of Lopez dos Santos et al.:19 Vbi/Vmono ) 1 - 9 [t̃/
(VmonoK sin(θ/2))]2 , with t̃ ) 0.11 eV and VmonoK ) 2γ0π(31/2) ) 9.8
eV.

© 2010 American Chemical Society 806 DOI: 10.1021/nl902948m | Nano Lett. 2010, 10, 804-–808
small rotation angless have been observed on STM image
of graphene multilayers on top of SiC C-face24 and also on
graphite.25

Moiré Patterns and Geometry of Rotated Bilayer. Moiré
patterns can be obtained in two cases: when two lattices
with slightly different parameters are superimposed or when
two identical lattices are rotated by an angle θ.26 The present
situation corresponds to the later case. A commensurate
structure can be defined if the rotation changes a lattice
vector V (m, n) to V′(n, m) with n, m the coordinates with
respect to the basis vectors ab1 (!3/2, -1/2) and ab2 (!3/2, 1/
2). The rotation angle is then defined as

and the commensurate cell vectors correspond to

The commensurate unit cell contains N ) 4(n2 + nm + m2)
atoms. It is important to notice that θ ∼ 0 results in a large
cell slarge n and ms and small |m - n|. Large commen-
surate cells can be also obtained for large angles θ ∼ 30°,
then |m - n| is large.26 θ ) 60° is the perfect AB stacking,
and θ close to 60° is obtained for n ) 1 (m ) 1) and large m
(n).

For small angles, if the rotation axis, perpendicular to the
planes, passes through atomic positions in both layers,
atoms in the four corners of the supercell are directly
superimposed (Figure 1). This corresponds to the so-called
AA stacking. For cells (n, m) such that m ) n + 1, zone with
Bernal AB stacking are located at 1/3 and 2/3 of the long
diagonal (Figure 1).

Quite generally the structures that we study are fully
characterized by the two index (n, m) of the rotation and also

by the value of the translation vector between the two layers.
However for sufficiently small values of the rotation angle
θ, the Moiré pattern depends essentially on the rotation
angle and the translation of one layer only results in a rigid
shift of the overall Moiré structure. Therefore we expect and
indeed observe from our results that the rotation angle θ is
the main parameter that dictates the electronic structure.

Also in the small angle limit, all dimensions of the Moiré
pattern scale like 1/θ and in particular the size of locally AA
or AB stacked regions and the distance between theses
zones are proportional to 1/θ. Let us emphasize that the limit
of small angle is discontinuous: when the rotation angle
decreases the dimensions of the Moiré structure scale like
1/θ and therefore the structure does not tend to that for
exactly zero angle. This singular, discontinuous, geometric
evolution is associated to singular electronic properties as
we show in this work.

Ab Initio and Tight-Binding Calculations of
Electronic Structure. Our approach combines ab initio
calculations that can be used for unit cells containing up to
600 atoms and tight-binding (TB) calculations that can be
used for unit cells containing up to 15000 atoms or even
more. Ab initio calculations are performed with the code
VASP27 and the generalized gradient approximation (GGA-
PW 91).28 The C ultrasoft pseudopotential29 has been ex-
tensively tested previously.17,30 The plane wave basis cutoff
is equal to 211 eV. The empty space width is equal to 21 Å,
the interlayer distance is fixed to its experimental value
(=3.35 Å) and no atoms are allowed to relax for direct
comparison with TB calculations. For multilayers, van der
Waals forces should be important, but a precise treatment
of the electron correlations is unknown for such large
systems. We acknowledge this fact, yet following previous
work on multilayers,17-20,30 we expect that a sound physical
representation of electronic band structure is given by TB
and ab initio calculations. This is for example the basis
of the famous band model of graphite (Slonczewski-
Weiss-McClure 3D band structure) which is used to inter-
pret many electronic and optical properties of graphite and
multilayer graphene (ref 31 and references therein).

In the tight-binding scheme only pz orbitals are taken into
account since we are interested in electronic states close to
the Fermi level. Since the planes are rotated, neighbors are
not on top of each other (as is the case in the Bernal AB
stacking). Interlayer interactions are then not restricted to
ppπ terms but some ppσ terms have also to be introduced.
For both terms, a parameter and a characteristic length have
been fitted on AA, AB, (1,3), and (1,4) cells32 to reproduce
the ab initio dispersion curves according to

FIGURE 1. Commensurate bilayer cell (n, m) ) (6, 7) for a rotation
of θ ) 5.08°. Full (dashed) line circle AB (AA) region.

cos θ ) n2 + 4nm + m2

2(n2 + nm + m2)
(1)

tb ) V′ ) nab1 + mab2; t′f ) -mab1 + (n + m)ab2
(2)

Vppπ ) -γ0 exp(qπ(1 - d
a)) (3)

© 2010 American Chemical Society 805 DOI: 10.1021/nl902948m | Nano Lett. 2010, 10, 804-–808

Graphene Bilayer with a Twist: Electronic Structure

J. M. B. Lopes dos Santos,1 N. M. R. Peres,2 and A. H. Castro Neto3

1CFP and Departamento de Fı́sica, Faculdade de Ciências, Universidade do Porto, 4169-007 Porto, Portugal
2Centro de Fı́sica and Departamento de Fı́sica, Universidade do Minho, P-4710-057 Braga, Portugal

3Department of Physics, Boston University, 590 Commonwealth Avenue, Boston, Massachusetts 02215, USA
(Received 17 April 2007; published 19 December 2007)

We consider a graphene bilayer with a relative small angle rotation between the layers—a stacking
defect often seen in the surface of graphite—and calculate the electronic structure near zero energy in a
continuum approximation. Contrary to what happens in an AB stacked bilayer and in accord with
observations in epitaxial graphene, we find: (a) the low energy dispersion is linear, as in a single layer,
but the Fermi velocity can be significantly smaller than the single-layer value; (b) an external electric field,
perpendicular to the layers, does not open an electronic gap.

DOI: 10.1103/PhysRevLett.99.256802 PACS numbers: 73.21.Ac, 81.05.Uw

Introduction.—Graphene is a two-dimensional carbon
material, which takes the form of a planar honeycomb
lattice of sp2 bonded carbon atoms. It is the building block
for other allotropes of carbon and was first isolated by
micromechanical cleavage of graphite in 2004 [1,2]. This
method also produces samples composed of two (bilayer)
or more atomic layers of graphene (few layer graphene,
FLG). FLG samples can also be grown epitaxially by
thermal decomposition of the surface of SiC [3].

Single-layer (SLG) and bilayer (BLG) graphene are
gapless semimetals, if undoped, but whereas carriers in
SLG have linear dispersion (leading to Dirac cones in
energy momentum space) [4–8], in BLG the dispersion
is quadratic [9]. The quantization rules for the integer
quantum Hall effect are different for SLG [4,10,11] and
BLG [12]. A controllable gap can be opened with an
external electric field in BLG, a fact that makes it particu-
larly interesting for applications [13,14]. Weak localization
behavior in the BLG is also different from SLG and other
two-dimensional systems [15,16]. The properties of BLG
have been interpreted under the assumption that the stack-
ing of the two layers takes the form of an AB or Bernal
stacking, the most common in graphite. Nevertheless,
naturally occurring and synthetic highly oriented pyrolytic
graphite crystals usually present a variety of defects which
affect stacking order in the c direction. Turbostratic graph-
ite is modeled by stacking graphene layers with random
relative translations and rotations [17]; rotation of the top
layer with respect to the bulk is quite common in the
surface of graphite and results in the formation of super-
lattices clearly seen in STM images as Moiré patterns
[18,19]. Recent detailed structural studies of epitaxially
grown FLG [20] reveal the presence of significant orienta-
tional disorder of the graphene with respect to the under-
lying SiC substrate [21]. The influence of the type of
stacking on the electronic structure in multilayer graphene
has been recently stressed [22,23].

In this Letter we discuss the electronic structure of a
bilayer with a relative small angle rotation of the two
graphene planes. We derive angles for the formation of

periodic Moiré superlattices and formulate a continuum
electronic description in terms of massless Dirac fermions,
coupled by a slowly varying periodic interlayer hopping.
We find a low energy electronic structure quite different
from that of an AB stacked bilayer, with massless Dirac
fermions, but with a Fermi velocity (vF) substantially
reduced with respect to SLG. Moreover, we show that an
external electric field does not open a gap in the electronic
spectrum. These results are all in accord with observations
in epitaxially grown graphene, which reveal much the same
electronic behavior as SLG in angle resolved photoemis-
sion [21,24,25], transport [26], and infrared spectroscopy
[27] and display systematically reduced values of vF rela-
tive to SLG [28].

Geometry.—The two sublattices in layer 1 are denoted
by A and B and in layer 2 by A0 and B0. In an AB stacked
bilayer A and B0 atoms have the same horizontal positions,
ia1 ! ja2 (i, j integers), where a1 " #1=2;

!!!
3
p
=2$a0, a2 "

#%1=2;
!!!
3
p
=2$a0 are the Bravais lattice basis vectors and a0

(&2:46 !A) is the lattice constant. The SLG Dirac points are
located at K " %K0 " #4!=3; 0$=a0. The vertical dis-
placement between the layers is c0 (&3:35 !A).

For simplicity we consider rotations of layer 2 about a
site occupied by a B0 atom (directly opposite an A atom, in
the c direction): a commensurate structure is obtained if a
B0 atom is moved by the rotation to a position formerly
occupied by an atom of the same kind. The Moiré pattern is
periodic and the translation from the origin (center of
rotation) to the B0 atom’s current position is a symmetry
translation. From this we can derive a condition for the
angle "i of a commensurate rotation:

 cos#"i$ "
3i2 ! 3i! 1=2

3i2 ! 3i! 1
; i " 0; 1; 2 . . . : (1)

The superlattice basis vectors are t1 " ia1 ! #i! 1$a2 and
t2 " %#i! 1$a1 ! #2i! 1$a2 (i " 0 is an AA stacked
bilayer). The lattice constant of the superlattice is L "
jt1j "

!!!!!!!!!!!!!!!!!!!!!!!!!!
3i2 ! 3i! 1
p

a0. STM measurements of the sur-
face of graphite [19] observed superlattices with periods
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quantitative comparison with density functional theory
(DFT) calculations.

As experimental realization of twisted layers we have
chosen a 5 layers thick graphene grown in ultrahigh vac-
uum on a 6H-SiC(000-1) substrate following the procedure
described in Ref. [23]. STM images [40] reveal coherent
domains with lateral size around 100 nm. Within these
domains, the rotations between the surface graphene layers
give rise to superstructures with period P in the nanometer
range, which are identified as moiré patterns (MP)
[23,25–27]. The STM or STS experiments have been
made in a separate UHV system using a homemade low
temperature (5 K) STM [41]. Conductance spectra were
taken using a lock-in technique, with an ac voltage (fre-
quency, 830 Hz; amplitude, 1–10 mV rms) added to the dc
sample bias. The sample was perfectly regenerated in situ
by high temperature annealing [42,43]. The data were
analyzed using the WSXM software [44].

To settle the origin of the structures seen in STS data
we have performed band structure and DOS calculations
for twisted bilayers using two different approaches. The
first one is a first-principles DFT calculation based on the
SIESTA code [45], including van der Waals interactions.
This allows testing the roles of the atomic relaxation and
corrugation, the interlayer distance, the importance of the
van der Waals forces, etc. [40]. The second one is a tight
binding (TB) approach [14], which allows handling very
large supercells (the implementation of the TB scheme is
detailed in Ref. [17]).

The main experimental results of this report are summa-
rized in Fig. 1. Figure 1(c) shows STM images of four
single period (simple) MP corresponding to rotation angles
ranging from 9.6! to 1.4!. The rotation angle ! between
neighboring carbon planes can be obtained from the value
of the moiré period P, using sinð!=2Þ ¼ 0:123=PðnmÞ
[23,27], and the drawing in Fig. 1(a) illustrates the MP
for a 9.6! rotation angle. As depicted in Fig. 1(b), the
Brillouin zones of the graphene layers are equally rotated
by !. Thus, the Dirac cones of each layer are now centered
in different points of the reciprocal space K1 and K2. The
cones merge into two saddle points at energies%EvHs from
the Dirac point, leading to vHs which generate peaks in the
DOS. LDOS spectra taken on the MP in Fig. 1(c) are
shown in Fig. 1(d). Each spectrum displays two peaks,
indicated by arrows, identified as vHs by our theoretical
calculations. They are approximately symmetric with re-
spect to the Fermi level EF and evolve towards lower
bias for decreasing rotation angle. We have measured the
energy separation of the vHs as a function of the rotation
angle ! for a large number (& 30) of simple MP and the
result is shown as filled circles in Fig. 1(e). We also plot as
crosses the only three other data that had been reported to
date, measured for small rotation angles (!< 4!) in differ-
ent substrates, which all fall at compatible energies [13].
Finally, as quoted previously [13], our spectra show that

for small angles (!< 3:5!) the peaks are localized in
the bright regions of the MP, see the upper two spectra in
Fig. 1(d) for ! ¼ 1:4!, a localization which disappears for
larger angles, where vHs are completely homogenous
across the MP [13,40].
The DOS of twisted bilayers computed for rotation

angles 1! < !< 10! are shown in Fig. 2. As in our experi-
mental data, both ab initio [Fig. 2(a)] and TB [Fig. 2(b)]
approaches show two main peaks, which shift towards
larger energy with increasing angle. Band structure calcu-
lations [14,17,40] show that these peaks are associated
with the avoided crossing of the bands of the two layers
along the line connecting K1 and K2, as illustrated in
Fig. 1(b). The calculations thus demonstrate that the peaks
correspond to the vHs singularity described for smaller
rotation angles [13]. The TB calculations of the LDOS in
Fig. 2(b) show that the vHs tend to localize in the regions of
the MP with AA stacking at small rotation angle [14,17] in
a simple one electron picture. This is again in agreement
with experimental data [Fig. 1(d) and Ref. [13]], since
these regions correspond to the bright areas in the STM
images of the MPs, as shown below.

FIG. 1 (color online). (a) Illustration of a MP arising from a
rotation angle ! ¼ 9:6!. (b) Emergence of vHs as a consequence
of the rotation in reciprocal space. (c) STM images of several
MP with different !. The scale bar is 5.0 nm. (d) LDOS spectra
taken on the MP shown in (c). The curves are shifted vertically
for clarity. The arrows point to the vHs. For ! ¼ 1:4!, max (min)
indicates a spectrum taken on a bright (dark) area. (e) vHs
separation as a function of !. Crosses: Data from Ref. [13].
Filled and open circles: This work. Colored dots refer to the
spectra displayed in (d) (same color code). Open circles corre-
spond to multiple MP discussed in Fig. 3.
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Extensive scanning tunneling microscopy and spectroscopy experiments complemented by first-

principles and parametrized tight binding calculations provide a clear answer to the existence, origin, and

robustness of van Hove singularities (vHs) in twisted graphene layers. Our results are conclusive: vHs due to

interlayer coupling are ubiquitously present in a broad range (from 1! to 10!) of rotation angles in our

graphene on 6H-SiC(000-1) samples. From thevariation of the energy separation of thevHswith the rotation

angle we are able to recover the Fermi velocity of a graphene monolayer as well as the strength of the

interlayer interaction. The robustness of the vHs is assessed both by experiments, which show that they

survive in the presence of a third graphene layer, and by calculations, which test the role of the periodic

modulation and absolute value of the interlayer distance. Finally, we clarify the role of the layer topographic

corrugation and of electronic effects in the apparent moiré contrast measured on the STM images.
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Soon after the discovery of the unique electronic proper-
ties of graphene [1–3], suggestionsweremade for engineer-
ing the band structure of this material. It has been proposed
that periodic potentials with wavelengths in the nanometer
range could lead to anisotropic renormalization of the ve-
locity of low energy charge carriers [4] or to the generation
of new massless Dirac fermions [5]. Experimental works
intended for verifying these theoretical predictions were
recently reported [6–8], where the periodic perturbation
was generated either by a latticemismatchwith the support-
ing material or by a self-organized array of clusters. An
alternative route for modifying graphene’s band structure
would be to exploit a rotation between stacked graphene
layers [9]. According to calculations, for large angles
(!"15!) the low energy band structure of graphene
should be preserved [10–12]. For intermediate angles
(1!#!#15!), it is predicted that, while the linear disper-
sion persists in thevicinity of theDirac points of both layers,
the band velocity is depressed and two saddle points appear
in the band structure, giving rise to two logarithmic
van Hove singularities (vHs) in the density of states
(DOS) [9,13–18]. For smaller angles (! # 1!) weakly dis-
persive bands appear at low energy [19,20] with sharp DOS
peaks very close to the Dirac point [17,18].

Twisted graphene layers are commonly found on differ-
ent substrates, such as metals [13,21,22], the C face of
SiC [23–25], or graphite surfaces [26,27]. Transfer tech-
niques yielding large domains of twisted bilayers over a
macroscopic sample [28] and quantitative, fast, Raman
characterization tools [29,30] have recently been proposed.
However, despite the fact that rotated graphene layers
are readily available and a number of measurements have

confirmed that large twist angles lead to an electronic
decoupling of stacked graphene layers [3,11,24,31–34],
few experiments tackle the electronic properties for suffi-
ciently small angles (!< 15!) [13,35,36]. In particular,
recent scanning tunneling microscopy and spectroscopy
(STM and STS) studies have demonstrated the renormal-
ization of the band velocity [35] and the appearance of
van Hove singularities in the local DOS (LDOS) [13] of
three twisted layers configurations, one measured at the
graphite surface and two on few layers graphene (FLG)
grown on Ni. At variance, a careful angle resolved
photoemission spectroscopy investigation of FLG on the
SiC C face detected neither a van Hove singularity nor
any significant change in the Fermi velocity in the range
1! < !< 10!, and suggests major problems in our current
understanding of twisted graphene layers [36].
Although twisted bilayers with small rotation angles

(typically ! # 10!) appear as a fascinating field of
development for the physics of graphene [22,37,38], un-
certainties about the mechanism of interlayer interaction
remain [36,39]. Here we show that graphene layers ro-
tated between 1! and 10! present singularities in the
LDOS. Our numerical simulations confirm that they arise
from a partial gap opening at the crossing points of Dirac
cones from neighboring layers, and correspond to loga-
rithmic vHs generated by the interlayer coupling. The
vHs are found to be robust against deviations from the
ideal twisted bilayer model both in the simulations and
in the experiments on the real samples. We find that, as
a result of the interlayer rotation, the graphene layers
are, in addition, corrugated. The nature and effect of
such corrugation in the vHs has been understood by a
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quantitative comparison with density functional theory
(DFT) calculations.

As experimental realization of twisted layers we have
chosen a 5 layers thick graphene grown in ultrahigh vac-
uum on a 6H-SiC(000-1) substrate following the procedure
described in Ref. [23]. STM images [40] reveal coherent
domains with lateral size around 100 nm. Within these
domains, the rotations between the surface graphene layers
give rise to superstructures with period P in the nanometer
range, which are identified as moiré patterns (MP)
[23,25–27]. The STM or STS experiments have been
made in a separate UHV system using a homemade low
temperature (5 K) STM [41]. Conductance spectra were
taken using a lock-in technique, with an ac voltage (fre-
quency, 830 Hz; amplitude, 1–10 mV rms) added to the dc
sample bias. The sample was perfectly regenerated in situ
by high temperature annealing [42,43]. The data were
analyzed using the WSXM software [44].

To settle the origin of the structures seen in STS data
we have performed band structure and DOS calculations
for twisted bilayers using two different approaches. The
first one is a first-principles DFT calculation based on the
SIESTA code [45], including van der Waals interactions.
This allows testing the roles of the atomic relaxation and
corrugation, the interlayer distance, the importance of the
van der Waals forces, etc. [40]. The second one is a tight
binding (TB) approach [14], which allows handling very
large supercells (the implementation of the TB scheme is
detailed in Ref. [17]).

The main experimental results of this report are summa-
rized in Fig. 1. Figure 1(c) shows STM images of four
single period (simple) MP corresponding to rotation angles
ranging from 9.6! to 1.4!. The rotation angle ! between
neighboring carbon planes can be obtained from the value
of the moiré period P, using sinð!=2Þ ¼ 0:123=PðnmÞ
[23,27], and the drawing in Fig. 1(a) illustrates the MP
for a 9.6! rotation angle. As depicted in Fig. 1(b), the
Brillouin zones of the graphene layers are equally rotated
by !. Thus, the Dirac cones of each layer are now centered
in different points of the reciprocal space K1 and K2. The
cones merge into two saddle points at energies%EvHs from
the Dirac point, leading to vHs which generate peaks in the
DOS. LDOS spectra taken on the MP in Fig. 1(c) are
shown in Fig. 1(d). Each spectrum displays two peaks,
indicated by arrows, identified as vHs by our theoretical
calculations. They are approximately symmetric with re-
spect to the Fermi level EF and evolve towards lower
bias for decreasing rotation angle. We have measured the
energy separation of the vHs as a function of the rotation
angle ! for a large number (& 30) of simple MP and the
result is shown as filled circles in Fig. 1(e). We also plot as
crosses the only three other data that had been reported to
date, measured for small rotation angles (!< 4!) in differ-
ent substrates, which all fall at compatible energies [13].
Finally, as quoted previously [13], our spectra show that

for small angles (!< 3:5!) the peaks are localized in
the bright regions of the MP, see the upper two spectra in
Fig. 1(d) for ! ¼ 1:4!, a localization which disappears for
larger angles, where vHs are completely homogenous
across the MP [13,40].
The DOS of twisted bilayers computed for rotation

angles 1! < !< 10! are shown in Fig. 2. As in our experi-
mental data, both ab initio [Fig. 2(a)] and TB [Fig. 2(b)]
approaches show two main peaks, which shift towards
larger energy with increasing angle. Band structure calcu-
lations [14,17,40] show that these peaks are associated
with the avoided crossing of the bands of the two layers
along the line connecting K1 and K2, as illustrated in
Fig. 1(b). The calculations thus demonstrate that the peaks
correspond to the vHs singularity described for smaller
rotation angles [13]. The TB calculations of the LDOS in
Fig. 2(b) show that the vHs tend to localize in the regions of
the MP with AA stacking at small rotation angle [14,17] in
a simple one electron picture. This is again in agreement
with experimental data [Fig. 1(d) and Ref. [13]], since
these regions correspond to the bright areas in the STM
images of the MPs, as shown below.

FIG. 1 (color online). (a) Illustration of a MP arising from a
rotation angle ! ¼ 9:6!. (b) Emergence of vHs as a consequence
of the rotation in reciprocal space. (c) STM images of several
MP with different !. The scale bar is 5.0 nm. (d) LDOS spectra
taken on the MP shown in (c). The curves are shifted vertically
for clarity. The arrows point to the vHs. For ! ¼ 1:4!, max (min)
indicates a spectrum taken on a bright (dark) area. (e) vHs
separation as a function of !. Crosses: Data from Ref. [13].
Filled and open circles: This work. Colored dots refer to the
spectra displayed in (d) (same color code). Open circles corre-
spond to multiple MP discussed in Fig. 3.
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FIG. 1. (Color online) (a) Schematic of the commensurate rotation of two graphene sheets. The commensurate angle θ leads to a large
supercell structure. (b) A 200 Å×200 Å STM image of a (m,n) = (4,5) supercell for C-face graphene sheets with a relative rotation of θ =7.34◦

(Ref. 9). (c) The hexagonal Brillouin zone of two graphene sheets with a relative rotation θ . The smaller Brillouin zone of the commensurate
superlattice (defined by reciprocal lattice vectors G1 and G2) is also shown.

for an isolated graphene sheet. This velocity reduction occurs
in an energy window "EK̃ , defined as the energy difference
between the Dirac-point energy (i.e., at the K point) and the
energy where the two rotated Dirac cones cross (the M ′ point)
[see Figs. 1(c) and 2(b)].11,12

In addition to the velocity renormalization, Lopes dos San-
tos, et al.10 have also predicted that the interlayer interaction
leads to an angle-dependent Van Hove singularity (VHS) in
rotated bilayers. The singularity appears where the Dirac cones
from the two rotated layers cross at the M ′ point [see Figs. 1(c)
and 2(c)].

MEG films offer a perfect platform for definitive tests of
these predictions. While MEG films have average relative
rotations of ∼30◦, much smaller relative rotations occur with
significant frequency.1,2,8 Furthermore, these films are flat13

and extremely well ordered,14,15 and can be grown as thick
multilayers or as thin as single sheets.

In this work, we use high-resolution ARPES to directly
measure the band structure of commensurate rotated graphene
sheets. These experiments conclusively show, despite the
theoretical predictions for large reductions in vF and the

FIG. 2. (Color online) (a) Schematic Dirac cones of two commen-
surately rotated graphene sheets. The cones are shifted by a vector Kθ .
(b) Velocity renormalization causes vF to be smaller than an isolated
sheet making the slopes of the cones smaller in an energy window
"EK̃ near the Dirac point. (c) Predicted Van Hove singularity formed
between the K and Kθ points of the two rotated Dirac cones.

development of a Van Hove singularity, that commensurately
rotated graphene sheets show no significant deviations from
the linear band structure of graphene. Measurements on many
samples and many relative rotations, from both thick and thin
films, show that the band structure of MEG films remains
nearly identical to that of an isolated graphene sheet.

II. EXPERIMENTAL

The substrates used in these studies were n-doped n=
2 ×1018 cm−2 6H-SiC. Samples were grown in a closed rf in-
duction furnace using the confinement controlled sublimation
(CCS) method.14 The samples were transported in air before
introduction into the ultrahigh vacuum analysis chamber. Prior
to ARPES measurements the graphene films were thermally
annealed at 800 ◦C in ultrahigh vacuum. Sample thickness
was measured by ellipsometry.16 ARPES measurements were
made at the Cassiopée beamline at the SOLEIL synchrotron
in Gif-sur-Yvette. The high-resolution Cassiopée beamline is
equipped with a modified Petersen PGM monochromator with
a resolution E/"E ≃ 70 000 at 100 eV and 25 000 for lower
energies. The detector is a ±15◦ acceptance Scienta R4000
detector with resolution "E<1 meV and "k∼0.01 Å−1 at
h̄ω=36 eV. All measurements were carried out at 4 K. The
total measured instrument resolution is "E<12 meV.

III. RESULTS

To understand subsequent ARPES data, we first review
how commensurate rotations determine the band structure
of rotated graphene. Using the notation of Mele,17 a com-
mensurate rotation is determined by the supercell vector
a = mt1 + nt2, where m and n are integers and t1 and t2 are
the unit cell vectors of graphene. The commensurate relative
rotation of the two sheets is determined by integers m and
n; cos θ = (4mn + n2 + m2)/2(m2 + n2 + mn). In reciprocal
space the commensurate supercell forms a small Brillouin zone
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Graphene stacked in a Bernal configuration (60◦ relative rotations between sheets) differs electronically from
isolated graphene due to the broken symmetry introduced by interlayer bonds forming between only one of
the two graphene unit cell atoms. A variety of experiments have shown that non-Bernal rotations restore this
broken symmetry; consequently, these stacking varieties have been the subject of intensive theoretical interest.
Most theories predict substantial changes in the band structure ranging from the development of a Van Hove
singularity and an angle-dependent electron localization that causes the Fermi velocity to go to zero as the relative
rotation angle between sheets goes to zero. In this work we show by direct measurement that non-Bernal rotations
preserve the graphene symmetry with only a small perturbation due to weak effective interlayer coupling. We
detect neither a Van Hove singularity nor any significant change in the Fermi velocity. These results suggest
significant problems in our current theoretical understanding of the origins of the band structure of this material.
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I. INTRODUCTION

Multilayer epitaxial graphene (MEG) grown on the
SiC(0001̄) (C face) is now known to have a highly ordered non-
Bernal (non-AB) stacking, where adjacent graphene planes
have commensurate relative rotations that are not 60◦.1,2 These
commensurate rotations lead to large supercells [as shown in
Fig. 1(a)] that are seen in STM images of MEG films [see
Fig. 1(b)]. These STM-viewed supercells are often referred to
as Moiré patterns.

Since the discovery of C-face MEG films, the effect of this
new graphene stacking on the band structure of these films
has been the subject of active experimental and theoretical
study. The earliest ab initio calculations for a large-angle-
commensurate graphene bilayer rotation (32.20◦) predicted
essentially no effect on the graphene band structure near
the K points of either graphene sheet.1,3 In other words,
the band structure consists of two independent but rotated
Brillouin zones (BZ) as shown in Fig. 1(c) where nearby

Dirac cones from the two sheets at K and Kθ do not interact
as shown in Fig. 2(a). This prediction has been borne out in
a number of experiments on MEG films. Electron transport,4

infrared adsorption spectroscopy,5 angle-resolved photoemmi-
sion (ARPES),6,7 and scanning tunneling spectroscopy (STS)8

all show that the graphene sheets in these films behave nearly
identically to electronically isolated graphene sheets.

Several theoretical treatments for rotated graphene bilayers,
however, have predicted more dramatic effects in the band
structure of these films. Continuum approximations to a
tight-binding model,10 as well as full tight-binding (TB) and
ab initio calculations on small-angle-commensurate graphene
bilayers,11 predict a substantial decrease (renormalization) in
the Fermi velocity vF near the K point (Dirac point). In
these calculations the interlayer interaction causes the wave
functions in the graphene sheet to become highly localized
for small relative rotations of the bilayer.11 These localized
states have a reduced vF that is exceptionally small when the
relative rotation is less than 3◦—less than 25% of the value
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I. INTRODUCTION

Multilayer epitaxial graphene (MEG) grown on the
SiC(0001̄) (C face) is now known to have a highly ordered non-
Bernal (non-AB) stacking, where adjacent graphene planes
have commensurate relative rotations that are not 60◦.1,2 These
commensurate rotations lead to large supercells [as shown in
Fig. 1(a)] that are seen in STM images of MEG films [see
Fig. 1(b)]. These STM-viewed supercells are often referred to
as Moiré patterns.

Since the discovery of C-face MEG films, the effect of this
new graphene stacking on the band structure of these films
has been the subject of active experimental and theoretical
study. The earliest ab initio calculations for a large-angle-
commensurate graphene bilayer rotation (32.20◦) predicted
essentially no effect on the graphene band structure near
the K points of either graphene sheet.1,3 In other words,
the band structure consists of two independent but rotated
Brillouin zones (BZ) as shown in Fig. 1(c) where nearby

Dirac cones from the two sheets at K and Kθ do not interact
as shown in Fig. 2(a). This prediction has been borne out in
a number of experiments on MEG films. Electron transport,4

infrared adsorption spectroscopy,5 angle-resolved photoemmi-
sion (ARPES),6,7 and scanning tunneling spectroscopy (STS)8

all show that the graphene sheets in these films behave nearly
identically to electronically isolated graphene sheets.

Several theoretical treatments for rotated graphene bilayers,
however, have predicted more dramatic effects in the band
structure of these films. Continuum approximations to a
tight-binding model,10 as well as full tight-binding (TB) and
ab initio calculations on small-angle-commensurate graphene
bilayers,11 predict a substantial decrease (renormalization) in
the Fermi velocity vF near the K point (Dirac point). In
these calculations the interlayer interaction causes the wave
functions in the graphene sheet to become highly localized
for small relative rotations of the bilayer.11 These localized
states have a reduced vF that is exceptionally small when the
relative rotation is less than 3◦—less than 25% of the value
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I. INTRODUCTION

Multilayer epitaxial graphene (MEG) grown on the
SiC(0001̄) (C face) is now known to have a highly ordered non-
Bernal (non-AB) stacking, where adjacent graphene planes
have commensurate relative rotations that are not 60◦.1,2 These
commensurate rotations lead to large supercells [as shown in
Fig. 1(a)] that are seen in STM images of MEG films [see
Fig. 1(b)]. These STM-viewed supercells are often referred to
as Moiré patterns.

Since the discovery of C-face MEG films, the effect of this
new graphene stacking on the band structure of these films
has been the subject of active experimental and theoretical
study. The earliest ab initio calculations for a large-angle-
commensurate graphene bilayer rotation (32.20◦) predicted
essentially no effect on the graphene band structure near
the K points of either graphene sheet.1,3 In other words,
the band structure consists of two independent but rotated
Brillouin zones (BZ) as shown in Fig. 1(c) where nearby

Dirac cones from the two sheets at K and Kθ do not interact
as shown in Fig. 2(a). This prediction has been borne out in
a number of experiments on MEG films. Electron transport,4

infrared adsorption spectroscopy,5 angle-resolved photoemmi-
sion (ARPES),6,7 and scanning tunneling spectroscopy (STS)8

all show that the graphene sheets in these films behave nearly
identically to electronically isolated graphene sheets.

Several theoretical treatments for rotated graphene bilayers,
however, have predicted more dramatic effects in the band
structure of these films. Continuum approximations to a
tight-binding model,10 as well as full tight-binding (TB) and
ab initio calculations on small-angle-commensurate graphene
bilayers,11 predict a substantial decrease (renormalization) in
the Fermi velocity vF near the K point (Dirac point). In
these calculations the interlayer interaction causes the wave
functions in the graphene sheet to become highly localized
for small relative rotations of the bilayer.11 These localized
states have a reduced vF that is exceptionally small when the
relative rotation is less than 3◦—less than 25% of the value
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I. INTRODUCTION

Multilayer epitaxial graphene (MEG) grown on the
SiC(0001̄) (C face) is now known to have a highly ordered non-
Bernal (non-AB) stacking, where adjacent graphene planes
have commensurate relative rotations that are not 60◦.1,2 These
commensurate rotations lead to large supercells [as shown in
Fig. 1(a)] that are seen in STM images of MEG films [see
Fig. 1(b)]. These STM-viewed supercells are often referred to
as Moiré patterns.

Since the discovery of C-face MEG films, the effect of this
new graphene stacking on the band structure of these films
has been the subject of active experimental and theoretical
study. The earliest ab initio calculations for a large-angle-
commensurate graphene bilayer rotation (32.20◦) predicted
essentially no effect on the graphene band structure near
the K points of either graphene sheet.1,3 In other words,
the band structure consists of two independent but rotated
Brillouin zones (BZ) as shown in Fig. 1(c) where nearby

Dirac cones from the two sheets at K and Kθ do not interact
as shown in Fig. 2(a). This prediction has been borne out in
a number of experiments on MEG films. Electron transport,4

infrared adsorption spectroscopy,5 angle-resolved photoemmi-
sion (ARPES),6,7 and scanning tunneling spectroscopy (STS)8

all show that the graphene sheets in these films behave nearly
identically to electronically isolated graphene sheets.

Several theoretical treatments for rotated graphene bilayers,
however, have predicted more dramatic effects in the band
structure of these films. Continuum approximations to a
tight-binding model,10 as well as full tight-binding (TB) and
ab initio calculations on small-angle-commensurate graphene
bilayers,11 predict a substantial decrease (renormalization) in
the Fermi velocity vF near the K point (Dirac point). In
these calculations the interlayer interaction causes the wave
functions in the graphene sheet to become highly localized
for small relative rotations of the bilayer.11 These localized
states have a reduced vF that is exceptionally small when the
relative rotation is less than 3◦—less than 25% of the value
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SiC(0001̄) (C face) is now known to have a highly ordered non-
Bernal (non-AB) stacking, where adjacent graphene planes
have commensurate relative rotations that are not 60◦.1,2 These
commensurate rotations lead to large supercells [as shown in
Fig. 1(a)] that are seen in STM images of MEG films [see
Fig. 1(b)]. These STM-viewed supercells are often referred to
as Moiré patterns.

Since the discovery of C-face MEG films, the effect of this
new graphene stacking on the band structure of these films
has been the subject of active experimental and theoretical
study. The earliest ab initio calculations for a large-angle-
commensurate graphene bilayer rotation (32.20◦) predicted
essentially no effect on the graphene band structure near
the K points of either graphene sheet.1,3 In other words,
the band structure consists of two independent but rotated
Brillouin zones (BZ) as shown in Fig. 1(c) where nearby

Dirac cones from the two sheets at K and Kθ do not interact
as shown in Fig. 2(a). This prediction has been borne out in
a number of experiments on MEG films. Electron transport,4

infrared adsorption spectroscopy,5 angle-resolved photoemmi-
sion (ARPES),6,7 and scanning tunneling spectroscopy (STS)8

all show that the graphene sheets in these films behave nearly
identically to electronically isolated graphene sheets.

Several theoretical treatments for rotated graphene bilayers,
however, have predicted more dramatic effects in the band
structure of these films. Continuum approximations to a
tight-binding model,10 as well as full tight-binding (TB) and
ab initio calculations on small-angle-commensurate graphene
bilayers,11 predict a substantial decrease (renormalization) in
the Fermi velocity vF near the K point (Dirac point). In
these calculations the interlayer interaction causes the wave
functions in the graphene sheet to become highly localized
for small relative rotations of the bilayer.11 These localized
states have a reduced vF that is exceptionally small when the
relative rotation is less than 3◦—less than 25% of the value
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I. INTRODUCTION

Multilayer epitaxial graphene (MEG) grown on the
SiC(0001̄) (C face) is now known to have a highly ordered non-
Bernal (non-AB) stacking, where adjacent graphene planes
have commensurate relative rotations that are not 60◦.1,2 These
commensurate rotations lead to large supercells [as shown in
Fig. 1(a)] that are seen in STM images of MEG films [see
Fig. 1(b)]. These STM-viewed supercells are often referred to
as Moiré patterns.

Since the discovery of C-face MEG films, the effect of this
new graphene stacking on the band structure of these films
has been the subject of active experimental and theoretical
study. The earliest ab initio calculations for a large-angle-
commensurate graphene bilayer rotation (32.20◦) predicted
essentially no effect on the graphene band structure near
the K points of either graphene sheet.1,3 In other words,
the band structure consists of two independent but rotated
Brillouin zones (BZ) as shown in Fig. 1(c) where nearby

Dirac cones from the two sheets at K and Kθ do not interact
as shown in Fig. 2(a). This prediction has been borne out in
a number of experiments on MEG films. Electron transport,4

infrared adsorption spectroscopy,5 angle-resolved photoemmi-
sion (ARPES),6,7 and scanning tunneling spectroscopy (STS)8

all show that the graphene sheets in these films behave nearly
identically to electronically isolated graphene sheets.

Several theoretical treatments for rotated graphene bilayers,
however, have predicted more dramatic effects in the band
structure of these films. Continuum approximations to a
tight-binding model,10 as well as full tight-binding (TB) and
ab initio calculations on small-angle-commensurate graphene
bilayers,11 predict a substantial decrease (renormalization) in
the Fermi velocity vF near the K point (Dirac point). In
these calculations the interlayer interaction causes the wave
functions in the graphene sheet to become highly localized
for small relative rotations of the bilayer.11 These localized
states have a reduced vF that is exceptionally small when the
relative rotation is less than 3◦—less than 25% of the value
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I. INTRODUCTION

Multilayer epitaxial graphene (MEG) grown on the
SiC(0001̄) (C face) is now known to have a highly ordered non-
Bernal (non-AB) stacking, where adjacent graphene planes
have commensurate relative rotations that are not 60◦.1,2 These
commensurate rotations lead to large supercells [as shown in
Fig. 1(a)] that are seen in STM images of MEG films [see
Fig. 1(b)]. These STM-viewed supercells are often referred to
as Moiré patterns.

Since the discovery of C-face MEG films, the effect of this
new graphene stacking on the band structure of these films
has been the subject of active experimental and theoretical
study. The earliest ab initio calculations for a large-angle-
commensurate graphene bilayer rotation (32.20◦) predicted
essentially no effect on the graphene band structure near
the K points of either graphene sheet.1,3 In other words,
the band structure consists of two independent but rotated
Brillouin zones (BZ) as shown in Fig. 1(c) where nearby

Dirac cones from the two sheets at K and Kθ do not interact
as shown in Fig. 2(a). This prediction has been borne out in
a number of experiments on MEG films. Electron transport,4

infrared adsorption spectroscopy,5 angle-resolved photoemmi-
sion (ARPES),6,7 and scanning tunneling spectroscopy (STS)8

all show that the graphene sheets in these films behave nearly
identically to electronically isolated graphene sheets.

Several theoretical treatments for rotated graphene bilayers,
however, have predicted more dramatic effects in the band
structure of these films. Continuum approximations to a
tight-binding model,10 as well as full tight-binding (TB) and
ab initio calculations on small-angle-commensurate graphene
bilayers,11 predict a substantial decrease (renormalization) in
the Fermi velocity vF near the K point (Dirac point). In
these calculations the interlayer interaction causes the wave
functions in the graphene sheet to become highly localized
for small relative rotations of the bilayer.11 These localized
states have a reduced vF that is exceptionally small when the
relative rotation is less than 3◦—less than 25% of the value
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quantitative comparison with density functional theory
(DFT) calculations.

As experimental realization of twisted layers we have
chosen a 5 layers thick graphene grown in ultrahigh vac-
uum on a 6H-SiC(000-1) substrate following the procedure
described in Ref. [23]. STM images [40] reveal coherent
domains with lateral size around 100 nm. Within these
domains, the rotations between the surface graphene layers
give rise to superstructures with period P in the nanometer
range, which are identified as moiré patterns (MP)
[23,25–27]. The STM or STS experiments have been
made in a separate UHV system using a homemade low
temperature (5 K) STM [41]. Conductance spectra were
taken using a lock-in technique, with an ac voltage (fre-
quency, 830 Hz; amplitude, 1–10 mV rms) added to the dc
sample bias. The sample was perfectly regenerated in situ
by high temperature annealing [42,43]. The data were
analyzed using the WSXM software [44].

To settle the origin of the structures seen in STS data
we have performed band structure and DOS calculations
for twisted bilayers using two different approaches. The
first one is a first-principles DFT calculation based on the
SIESTA code [45], including van der Waals interactions.
This allows testing the roles of the atomic relaxation and
corrugation, the interlayer distance, the importance of the
van der Waals forces, etc. [40]. The second one is a tight
binding (TB) approach [14], which allows handling very
large supercells (the implementation of the TB scheme is
detailed in Ref. [17]).

The main experimental results of this report are summa-
rized in Fig. 1. Figure 1(c) shows STM images of four
single period (simple) MP corresponding to rotation angles
ranging from 9.6! to 1.4!. The rotation angle ! between
neighboring carbon planes can be obtained from the value
of the moiré period P, using sinð!=2Þ ¼ 0:123=PðnmÞ
[23,27], and the drawing in Fig. 1(a) illustrates the MP
for a 9.6! rotation angle. As depicted in Fig. 1(b), the
Brillouin zones of the graphene layers are equally rotated
by !. Thus, the Dirac cones of each layer are now centered
in different points of the reciprocal space K1 and K2. The
cones merge into two saddle points at energies%EvHs from
the Dirac point, leading to vHs which generate peaks in the
DOS. LDOS spectra taken on the MP in Fig. 1(c) are
shown in Fig. 1(d). Each spectrum displays two peaks,
indicated by arrows, identified as vHs by our theoretical
calculations. They are approximately symmetric with re-
spect to the Fermi level EF and evolve towards lower
bias for decreasing rotation angle. We have measured the
energy separation of the vHs as a function of the rotation
angle ! for a large number (& 30) of simple MP and the
result is shown as filled circles in Fig. 1(e). We also plot as
crosses the only three other data that had been reported to
date, measured for small rotation angles (!< 4!) in differ-
ent substrates, which all fall at compatible energies [13].
Finally, as quoted previously [13], our spectra show that

for small angles (!< 3:5!) the peaks are localized in
the bright regions of the MP, see the upper two spectra in
Fig. 1(d) for ! ¼ 1:4!, a localization which disappears for
larger angles, where vHs are completely homogenous
across the MP [13,40].
The DOS of twisted bilayers computed for rotation

angles 1! < !< 10! are shown in Fig. 2. As in our experi-
mental data, both ab initio [Fig. 2(a)] and TB [Fig. 2(b)]
approaches show two main peaks, which shift towards
larger energy with increasing angle. Band structure calcu-
lations [14,17,40] show that these peaks are associated
with the avoided crossing of the bands of the two layers
along the line connecting K1 and K2, as illustrated in
Fig. 1(b). The calculations thus demonstrate that the peaks
correspond to the vHs singularity described for smaller
rotation angles [13]. The TB calculations of the LDOS in
Fig. 2(b) show that the vHs tend to localize in the regions of
the MP with AA stacking at small rotation angle [14,17] in
a simple one electron picture. This is again in agreement
with experimental data [Fig. 1(d) and Ref. [13]], since
these regions correspond to the bright areas in the STM
images of the MPs, as shown below.

FIG. 1 (color online). (a) Illustration of a MP arising from a
rotation angle ! ¼ 9:6!. (b) Emergence of vHs as a consequence
of the rotation in reciprocal space. (c) STM images of several
MP with different !. The scale bar is 5.0 nm. (d) LDOS spectra
taken on the MP shown in (c). The curves are shifted vertically
for clarity. The arrows point to the vHs. For ! ¼ 1:4!, max (min)
indicates a spectrum taken on a bright (dark) area. (e) vHs
separation as a function of !. Crosses: Data from Ref. [13].
Filled and open circles: This work. Colored dots refer to the
spectra displayed in (d) (same color code). Open circles corre-
spond to multiple MP discussed in Fig. 3.
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Extensive scanning tunneling microscopy and spectroscopy experiments complemented by first-

principles and parametrized tight binding calculations provide a clear answer to the existence, origin, and

robustness of van Hove singularities (vHs) in twisted graphene layers. Our results are conclusive: vHs due to

interlayer coupling are ubiquitously present in a broad range (from 1! to 10!) of rotation angles in our

graphene on 6H-SiC(000-1) samples. From thevariation of the energy separation of thevHswith the rotation

angle we are able to recover the Fermi velocity of a graphene monolayer as well as the strength of the

interlayer interaction. The robustness of the vHs is assessed both by experiments, which show that they

survive in the presence of a third graphene layer, and by calculations, which test the role of the periodic

modulation and absolute value of the interlayer distance. Finally, we clarify the role of the layer topographic

corrugation and of electronic effects in the apparent moiré contrast measured on the STM images.
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Soon after the discovery of the unique electronic proper-
ties of graphene [1–3], suggestionsweremade for engineer-
ing the band structure of this material. It has been proposed
that periodic potentials with wavelengths in the nanometer
range could lead to anisotropic renormalization of the ve-
locity of low energy charge carriers [4] or to the generation
of new massless Dirac fermions [5]. Experimental works
intended for verifying these theoretical predictions were
recently reported [6–8], where the periodic perturbation
was generated either by a latticemismatchwith the support-
ing material or by a self-organized array of clusters. An
alternative route for modifying graphene’s band structure
would be to exploit a rotation between stacked graphene
layers [9]. According to calculations, for large angles
(!"15!) the low energy band structure of graphene
should be preserved [10–12]. For intermediate angles
(1!#!#15!), it is predicted that, while the linear disper-
sion persists in thevicinity of theDirac points of both layers,
the band velocity is depressed and two saddle points appear
in the band structure, giving rise to two logarithmic
van Hove singularities (vHs) in the density of states
(DOS) [9,13–18]. For smaller angles (! # 1!) weakly dis-
persive bands appear at low energy [19,20] with sharp DOS
peaks very close to the Dirac point [17,18].

Twisted graphene layers are commonly found on differ-
ent substrates, such as metals [13,21,22], the C face of
SiC [23–25], or graphite surfaces [26,27]. Transfer tech-
niques yielding large domains of twisted bilayers over a
macroscopic sample [28] and quantitative, fast, Raman
characterization tools [29,30] have recently been proposed.
However, despite the fact that rotated graphene layers
are readily available and a number of measurements have

confirmed that large twist angles lead to an electronic
decoupling of stacked graphene layers [3,11,24,31–34],
few experiments tackle the electronic properties for suffi-
ciently small angles (!< 15!) [13,35,36]. In particular,
recent scanning tunneling microscopy and spectroscopy
(STM and STS) studies have demonstrated the renormal-
ization of the band velocity [35] and the appearance of
van Hove singularities in the local DOS (LDOS) [13] of
three twisted layers configurations, one measured at the
graphite surface and two on few layers graphene (FLG)
grown on Ni. At variance, a careful angle resolved
photoemission spectroscopy investigation of FLG on the
SiC C face detected neither a van Hove singularity nor
any significant change in the Fermi velocity in the range
1! < !< 10!, and suggests major problems in our current
understanding of twisted graphene layers [36].
Although twisted bilayers with small rotation angles

(typically ! # 10!) appear as a fascinating field of
development for the physics of graphene [22,37,38], un-
certainties about the mechanism of interlayer interaction
remain [36,39]. Here we show that graphene layers ro-
tated between 1! and 10! present singularities in the
LDOS. Our numerical simulations confirm that they arise
from a partial gap opening at the crossing points of Dirac
cones from neighboring layers, and correspond to loga-
rithmic vHs generated by the interlayer coupling. The
vHs are found to be robust against deviations from the
ideal twisted bilayer model both in the simulations and
in the experiments on the real samples. We find that, as
a result of the interlayer rotation, the graphene layers
are, in addition, corrugated. The nature and effect of
such corrugation in the vHs has been understood by a
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Observation of Van Hove singularities in twisted
graphene layers
Guohong Li1, A. Luican1, J. M. B. Lopes dos Santos2, A. H. Castro Neto3, A. Reina4, J. Kong5

and E. Y. Andrei1*
Electronic instabilities at the crossing of the Fermi energy
with a Van Hove singularity1 in the density of states often
lead to new phases of matter such as superconductivity2,3,
magnetism4 or density waves5. However, in most materials
this condition is difficult to control. In the case of single-layer
graphene, the singularity is too far from the Fermi energy6

and hence difficult to reach with standard doping and gating
techniques7. Here we report the observation of low-energy
Van Hove singularities in twisted graphene layers seen as
two pronounced peaks in the density of states measured
by scanning tunnelling spectroscopy. We demonstrate that a
rotation between stacked graphene layers can generate Van
Hove singularities, which can be brought arbitrarily close to
the Fermi energy by varying the angle of rotation. This opens
intriguing prospects for Van Hove singularity engineering
of electronic phases.

In two dimensions, a saddle point in the electronic band
structure leads to a divergence in the density of states, also known
as a Van Hove singularity1 (VHS). When the Fermi energy (EF)
is close to the VHS, interactions, however weak, are magnified
by the enhanced density of states (DOS), resulting in instabilities,
which can give rise to new phases of matter2–5 with desirable
properties. This implies the possibility of engineering material
properties by bringing EF and the VHS together. However, in
most materials one cannot change the position of the VHS in the
band structure. Instead, it may be possible to tune EF through the
VHS by chemical doping8 or by gating7. In this regard, graphene,
the recently discovered two-dimensional form of carbon, is quite
special5,9. It has linearly dispersing bands at the K (K0) point in the
Brillouin zone, the so-called Dirac points, and a DOS that is linear
and vanishes at Dirac point. The fact that this material is truly two-
dimensional and has a lowDOSmeans that it cannot screen applied
electric fields, allowing for strong gating and ambipolar behaviour7.
However, although the band structure of graphene5 contains a
VHS, its large distance from the Dirac point makes it prohibitively
difficult to reach by either gating or chemical doping. We show
that by introducing a rotation between stacked graphene layers, it is
possible to induceVHSs that arewithin the range ofEF achievable by
gate tuning. As the samples studied here are not intentionally doped,
EF is within a fewmillielectronvolts of the Dirac point.

Rotation between graphene layers is often observed as a Moiré
pattern on graphite surfaces10, as illustrated in Fig. 1. Graphite
consists of stacked layers of graphene, the lattice structure of which
contains two interpenetrating triangular sublattices, denoted A
and B. In the most common (Bernal) stacking, adjacent layers
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are shifted by one atomic spacing, so that B atoms of layer 2
(B2) sit directly on top of A atoms of layer 1 (A1) and B1 and
A2 atoms are in the centre of the hexagons of the opposing
layer. Assuming a rotation through an angle ✓ about an A1 (B2)
site in bilayer graphene, a set of conditions for commensurate
periodic structures leading to Moiré patterns is easily derived11
cos(✓

i

) = (3i2 + 3i+ 1/2)/(3i2 + 3i+ 1), with i being an integer
(i=0, ✓ =60� corresponds to AA stacking and i!1, ✓ =0� to AB
stacking) and lattice constant of the superlattice L=a0

p
3i2 +3i+1,

where a0 ⇠ 2.46 Å is the atomic lattice constant. For the extended
Moiré pattern in Fig. 1, ✓

i

= 1.79� is obtained from the superlattice
period, L=7.7±0.3 nm, corresponding to i=18.

Thus far, most work on Moiré patterns focused on structural
aspects revealed by scanning tunnelling microscopy (STM), but
their effect on the electronic properties has not been addressed.
By using scanning tunnelling spectroscopy (STS), we find that
rotation markedly alters the DOS. Figure 2 shows the tunnelling
differential conductance, dI/dV, a quantity proportional to the
local DOS (ref. 12). In regions inside the Moiré pattern (M1
and M2), the spectra develop two sharp peaks flanking the Dirac
points with energy separation 1Evhs ⇠ 82meV. Below, we show
that these peaks correspond to rotation-induced VHSs. The effect
of the VHS on the DOS is evident in the energy dependence of
the dI/dV maps. Close to the VHS, the maps develop a strong
densitymodulation (Figs 2f and 3c), characteristic of charge-density
waves (CDWs), suggesting an impending Fermi-surface instability.
In contrast, for energies away from the VHS, the charge density
becomes nearly homogeneous.

To explore the angle dependence of 1Evhs, we studied graphene
layers prepared by chemical vapour deposition13 (CVD). CVD
graphene layers have a strong twisting tendency revealed by Moiré
patterns with a range of rotation angles. The example in Fig. 3a
shows a pattern, corresponding to ✓ ⇠ 1.16�. The STS spectra
in this region reveal strong VHSs (Fig. 3b) with a much smaller
1Evhs ⇠ 12meV. The pronounced spatial modulation of the dI/dV
maps at energies close to these VHSs (Fig. 3c), indicating the
formation of a CDW, is significantly stronger than for the pattern
in Fig. 2f, where the more widely separated VHSs are farther away
from the Fermi energy. For a pattern with an even larger angle,
✓ ⇠ 3.4�, and 1Evhs ⇠ 430meV, the localization is weaker still (see
Supplementary Fig. S3), consistentwith theoretical predictions14.

We next show that the VHSs are induced by the rotation and
use the model developed in ref. 11 to derive the angle dependence
of 1Evhs. A rotation between two graphene layers causes a shift
between the corresponding Dirac points in momentum space, so
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Electronic instabilities at the crossing of the Fermi energy
with a Van Hove singularity1 in the density of states often
lead to new phases of matter such as superconductivity2,3,
magnetism4 or density waves5. However, in most materials
this condition is difficult to control. In the case of single-layer
graphene, the singularity is too far from the Fermi energy6

and hence difficult to reach with standard doping and gating
techniques7. Here we report the observation of low-energy
Van Hove singularities in twisted graphene layers seen as
two pronounced peaks in the density of states measured
by scanning tunnelling spectroscopy. We demonstrate that a
rotation between stacked graphene layers can generate Van
Hove singularities, which can be brought arbitrarily close to
the Fermi energy by varying the angle of rotation. This opens
intriguing prospects for Van Hove singularity engineering
of electronic phases.

In two dimensions, a saddle point in the electronic band
structure leads to a divergence in the density of states, also known
as a Van Hove singularity1 (VHS). When the Fermi energy (EF)
is close to the VHS, interactions, however weak, are magnified
by the enhanced density of states (DOS), resulting in instabilities,
which can give rise to new phases of matter2–5 with desirable
properties. This implies the possibility of engineering material
properties by bringing EF and the VHS together. However, in
most materials one cannot change the position of the VHS in the
band structure. Instead, it may be possible to tune EF through the
VHS by chemical doping8 or by gating7. In this regard, graphene,
the recently discovered two-dimensional form of carbon, is quite
special5,9. It has linearly dispersing bands at the K (K0) point in the
Brillouin zone, the so-called Dirac points, and a DOS that is linear
and vanishes at Dirac point. The fact that this material is truly two-
dimensional and has a lowDOSmeans that it cannot screen applied
electric fields, allowing for strong gating and ambipolar behaviour7.
However, although the band structure of graphene5 contains a
VHS, its large distance from the Dirac point makes it prohibitively
difficult to reach by either gating or chemical doping. We show
that by introducing a rotation between stacked graphene layers, it is
possible to induceVHSs that arewithin the range ofEF achievable by
gate tuning. As the samples studied here are not intentionally doped,
EF is within a fewmillielectronvolts of the Dirac point.

Rotation between graphene layers is often observed as a Moiré
pattern on graphite surfaces10, as illustrated in Fig. 1. Graphite
consists of stacked layers of graphene, the lattice structure of which
contains two interpenetrating triangular sublattices, denoted A
and B. In the most common (Bernal) stacking, adjacent layers
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are shifted by one atomic spacing, so that B atoms of layer 2
(B2) sit directly on top of A atoms of layer 1 (A1) and B1 and
A2 atoms are in the centre of the hexagons of the opposing
layer. Assuming a rotation through an angle ✓ about an A1 (B2)
site in bilayer graphene, a set of conditions for commensurate
periodic structures leading to Moiré patterns is easily derived11
cos(✓

i

) = (3i2 + 3i+ 1/2)/(3i2 + 3i+ 1), with i being an integer
(i=0, ✓ =60� corresponds to AA stacking and i!1, ✓ =0� to AB
stacking) and lattice constant of the superlattice L=a0

p
3i2 +3i+1,

where a0 ⇠ 2.46 Å is the atomic lattice constant. For the extended
Moiré pattern in Fig. 1, ✓

i

= 1.79� is obtained from the superlattice
period, L=7.7±0.3 nm, corresponding to i=18.

Thus far, most work on Moiré patterns focused on structural
aspects revealed by scanning tunnelling microscopy (STM), but
their effect on the electronic properties has not been addressed.
By using scanning tunnelling spectroscopy (STS), we find that
rotation markedly alters the DOS. Figure 2 shows the tunnelling
differential conductance, dI/dV, a quantity proportional to the
local DOS (ref. 12). In regions inside the Moiré pattern (M1
and M2), the spectra develop two sharp peaks flanking the Dirac
points with energy separation 1Evhs ⇠ 82meV. Below, we show
that these peaks correspond to rotation-induced VHSs. The effect
of the VHS on the DOS is evident in the energy dependence of
the dI/dV maps. Close to the VHS, the maps develop a strong
densitymodulation (Figs 2f and 3c), characteristic of charge-density
waves (CDWs), suggesting an impending Fermi-surface instability.
In contrast, for energies away from the VHS, the charge density
becomes nearly homogeneous.

To explore the angle dependence of 1Evhs, we studied graphene
layers prepared by chemical vapour deposition13 (CVD). CVD
graphene layers have a strong twisting tendency revealed by Moiré
patterns with a range of rotation angles. The example in Fig. 3a
shows a pattern, corresponding to ✓ ⇠ 1.16�. The STS spectra
in this region reveal strong VHSs (Fig. 3b) with a much smaller
1Evhs ⇠ 12meV. The pronounced spatial modulation of the dI/dV
maps at energies close to these VHSs (Fig. 3c), indicating the
formation of a CDW, is significantly stronger than for the pattern
in Fig. 2f, where the more widely separated VHSs are farther away
from the Fermi energy. For a pattern with an even larger angle,
✓ ⇠ 3.4�, and 1Evhs ⇠ 430meV, the localization is weaker still (see
Supplementary Fig. S3), consistentwith theoretical predictions14.

We next show that the VHSs are induced by the rotation and
use the model developed in ref. 11 to derive the angle dependence
of 1Evhs. A rotation between two graphene layers causes a shift
between the corresponding Dirac points in momentum space, so
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Electronic instabilities at the crossing of the Fermi energy
with a Van Hove singularity1 in the density of states often
lead to new phases of matter such as superconductivity2,3,
magnetism4 or density waves5. However, in most materials
this condition is difficult to control. In the case of single-layer
graphene, the singularity is too far from the Fermi energy6

and hence difficult to reach with standard doping and gating
techniques7. Here we report the observation of low-energy
Van Hove singularities in twisted graphene layers seen as
two pronounced peaks in the density of states measured
by scanning tunnelling spectroscopy. We demonstrate that a
rotation between stacked graphene layers can generate Van
Hove singularities, which can be brought arbitrarily close to
the Fermi energy by varying the angle of rotation. This opens
intriguing prospects for Van Hove singularity engineering
of electronic phases.

In two dimensions, a saddle point in the electronic band
structure leads to a divergence in the density of states, also known
as a Van Hove singularity1 (VHS). When the Fermi energy (EF)
is close to the VHS, interactions, however weak, are magnified
by the enhanced density of states (DOS), resulting in instabilities,
which can give rise to new phases of matter2–5 with desirable
properties. This implies the possibility of engineering material
properties by bringing EF and the VHS together. However, in
most materials one cannot change the position of the VHS in the
band structure. Instead, it may be possible to tune EF through the
VHS by chemical doping8 or by gating7. In this regard, graphene,
the recently discovered two-dimensional form of carbon, is quite
special5,9. It has linearly dispersing bands at the K (K0) point in the
Brillouin zone, the so-called Dirac points, and a DOS that is linear
and vanishes at Dirac point. The fact that this material is truly two-
dimensional and has a lowDOSmeans that it cannot screen applied
electric fields, allowing for strong gating and ambipolar behaviour7.
However, although the band structure of graphene5 contains a
VHS, its large distance from the Dirac point makes it prohibitively
difficult to reach by either gating or chemical doping. We show
that by introducing a rotation between stacked graphene layers, it is
possible to induceVHSs that arewithin the range ofEF achievable by
gate tuning. As the samples studied here are not intentionally doped,
EF is within a fewmillielectronvolts of the Dirac point.

Rotation between graphene layers is often observed as a Moiré
pattern on graphite surfaces10, as illustrated in Fig. 1. Graphite
consists of stacked layers of graphene, the lattice structure of which
contains two interpenetrating triangular sublattices, denoted A
and B. In the most common (Bernal) stacking, adjacent layers
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are shifted by one atomic spacing, so that B atoms of layer 2
(B2) sit directly on top of A atoms of layer 1 (A1) and B1 and
A2 atoms are in the centre of the hexagons of the opposing
layer. Assuming a rotation through an angle ✓ about an A1 (B2)
site in bilayer graphene, a set of conditions for commensurate
periodic structures leading to Moiré patterns is easily derived11
cos(✓

i

) = (3i2 + 3i+ 1/2)/(3i2 + 3i+ 1), with i being an integer
(i=0, ✓ =60� corresponds to AA stacking and i!1, ✓ =0� to AB
stacking) and lattice constant of the superlattice L=a0

p
3i2 +3i+1,

where a0 ⇠ 2.46 Å is the atomic lattice constant. For the extended
Moiré pattern in Fig. 1, ✓

i

= 1.79� is obtained from the superlattice
period, L=7.7±0.3 nm, corresponding to i=18.

Thus far, most work on Moiré patterns focused on structural
aspects revealed by scanning tunnelling microscopy (STM), but
their effect on the electronic properties has not been addressed.
By using scanning tunnelling spectroscopy (STS), we find that
rotation markedly alters the DOS. Figure 2 shows the tunnelling
differential conductance, dI/dV, a quantity proportional to the
local DOS (ref. 12). In regions inside the Moiré pattern (M1
and M2), the spectra develop two sharp peaks flanking the Dirac
points with energy separation 1Evhs ⇠ 82meV. Below, we show
that these peaks correspond to rotation-induced VHSs. The effect
of the VHS on the DOS is evident in the energy dependence of
the dI/dV maps. Close to the VHS, the maps develop a strong
densitymodulation (Figs 2f and 3c), characteristic of charge-density
waves (CDWs), suggesting an impending Fermi-surface instability.
In contrast, for energies away from the VHS, the charge density
becomes nearly homogeneous.

To explore the angle dependence of 1Evhs, we studied graphene
layers prepared by chemical vapour deposition13 (CVD). CVD
graphene layers have a strong twisting tendency revealed by Moiré
patterns with a range of rotation angles. The example in Fig. 3a
shows a pattern, corresponding to ✓ ⇠ 1.16�. The STS spectra
in this region reveal strong VHSs (Fig. 3b) with a much smaller
1Evhs ⇠ 12meV. The pronounced spatial modulation of the dI/dV
maps at energies close to these VHSs (Fig. 3c), indicating the
formation of a CDW, is significantly stronger than for the pattern
in Fig. 2f, where the more widely separated VHSs are farther away
from the Fermi energy. For a pattern with an even larger angle,
✓ ⇠ 3.4�, and 1Evhs ⇠ 430meV, the localization is weaker still (see
Supplementary Fig. S3), consistentwith theoretical predictions14.

We next show that the VHSs are induced by the rotation and
use the model developed in ref. 11 to derive the angle dependence
of 1Evhs. A rotation between two graphene layers causes a shift
between the corresponding Dirac points in momentum space, so
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We note that CVD graphene on quartz (red circle in Fig. 3B)
exhibits higher vF than exfoliated graphene on amorphous SiO2 (gray
square in Fig. 3B) with the same stoichiometry as quartz. This is a
consequence of different sample preparation process and is due to
the larger presence of impurities in the exfoliated sample, as sug-
gested by the extremely broad spectra (see gray dashed line in
Fig. 1C). Therefore, although, in theory, one should expect smaller
vF due to screened electron-electron interactions from impurity13,
one should be cautious in extracting meaningful parameters from
these data. We also note that ab initio GW calculations5 (magenta
triangle in Fig. 3B) underestimate vF of suspended graphene. This
may be due to the finite k-point sampling inherent in such calcula-
tions, or it could also be an indication of the need to add higher-order
terms in the self-energy calculation by the GW-approximation.

In Fig. 3C, we plot the ratio between vF and v0, the expected Fermi
velocity in the fully screened case (e5‘), as a function of a. As the
strength of electron-electron interactions is increased, vF is also
enhanced. This is in striking difference with the standard Fermi
liquid picture, where vF is expected to decrease with increasing a30.
On the other hand, the observed behavior is consistent with previous
theoretical studies for graphene in the case of specific electron-elec-
tron interactions30,31 (dashed line in Fig. 3C) exhibiting the character-
istic self-energy spectrum analogous to a marginal Fermi liquid1. As a
result, the departure from the Fermi liquid picture becomes more
important with increasing electron-electron interactions or decreas-
ing dielectric screening (see the relation between a and e in the inset
of Fig. 3C). Additionally, the observation ofa value close to 1 (neither
a=1 nor a?1) for graphene/quartz may indicate that a full theor-
etical treatment beyond the random-phase approximation1 may be
required to understand this sample and/or suspended graphene6.

The very good agreement with theoretical predictions23,31 for both
vF versus e (Fig. 3B) and vF versus a (Fig. 3C) confirms that the
dielectric constants obtained by the self-energy analysis are self-con-
sistent. Finally the experimentally determined e can largely account

for the relatively broad MDCs observed for graphene on quartz
(Fig. 1C), as compared to graphene on BN and SiC(000-1). For e
values of 1.80, 4.22, and 7.26, for graphene on quartz, BN, and
SiC(000-1) respectively, the MDC widths, expected to vary with
the inverse square of the dielectric screening20, should be roughly
16 and 5 times broader for graphene on quartz and BN than gra-
phene on SiC(000-1), in line with the experimental observation (see,
for example, Fig. 1C). We stress that, contrary to a Fermi liquid
system, the broader MDC spectra observed for graphene/quartz do
not necessarily imply decreased transport properties. On the con-
trary, the enhanced a, the primary cause of the broad spectra, give
rise to an enhancement of Fermi velocity, which is ultimately one of
the most important parameters for device applications.

In conclusion, we have unveiled the crucial role of dielectric
screening in graphene to control both Fermi velocity and electron-
electron interactions. Additionally, we have shown that graphene, in
its charge neutral state, departs from a standard Fermi liquid not only
in its logarithmic energy spectrum as previously discussed12, but also
in the way that vF is modulated by the strength of electron-electron
interactions. This dependence provides an alternative way to engin-
eer Fermi velocity for graphene on a substrate by modifying the
dielectric substrate. This approach can also be applied to charge-
doped graphene and other two-dimensional electron systems such
as topological insulators32 that can be grown or transferred to dielec-
tric substrates.

Methods
Graphene samples were prepared in three different ways: epitaxial growth on the
surface of a 4H-SiC(000-1) substrate; chemical vapor deposition (CVD) growth on a
Cu film followed by a transfer onto the surface of boron nitride17; and CVD growth
followed by in situ dewetting of Cu layer in between graphene and a single crystal SiO2

(namely quartz which is different from amorphous SiO2 on an Si substrate, the widely
used substrate for exfoliated graphene27) substrate16. The later procedure is clearly
different from the standard method of exfoliating graphite followed by deposition
onto the amorphous SiO2 layer21. This results in a reduced effect of the substrate that
is suggested by the enhanced height variation with respect to the substrate compared
to the sample prepared by the exfoliation and deposition16,33. The resulting graphene
is more decoupled from the substrate as supported by several features such as Fermi
velocity, dielectric constant, and the electron band at higher energies closer to
suspended sample.

In order to remove any residue including Cu and PMMA, a precursor to grow CVD
graphene and a polymer to transfer graphene, respectively, we heated the sample to
1000 oC in ultra-high vacuum. The removal of Cu is confirmed by: (a) optical
microscopy showing a cleaner image without residual Cu once the sample has been
heated; (b) absence of related Cu features in the ARPES spectra such as 3d electrons at
3.0 eV and 3.5 eV below Fermi energy, and 4s free-electron-like state with a band
minimum at 0.25 eV below Fermi energy34.

Figure 3 | Fermi velocity and the strength of electron-electron interactions. (A) E-ELDA dispersions for graphene on SiC(000-1) (blue line), BN (dark-
yellow line), and quartz (red line). (B) Fermi velocities as a function of e. The dashed line is a theoretical curve for vF, which is inversely proportional to
e6,23. Filled symbols correspond to experimental results, while empty symbols to theoretical values. e52.45 for G/SiO2

26 is obtained from the standard
approximation, e5(evacuum1esubstrate)/2 (see text). (C) The ratio of vF, the renormalized Fermi velocity due to electron-electron interactions, to
v050.853106 m/s, the bare Fermi velocity in the LDA limit where e5‘4, as a function of a. The dashed line is the fit given by vF/v051-3.28 a{11(1/4)
ln[(114 a)/4 a]-1.45}31 for charge neutral graphene. The inset is the relation between a and e, where the dashed line is a a5e2/(4pe v0)52.57/e curve23.

Table 1 | Fermi velocity (vF), dielectric constant (e), and fine struc-
ture constant (a) of graphene on each substrate

Substrate vF3106 m/s e a

Metals (LDA) 0.85 ‘ -
SiC(000-1) 1.1560.02 7.2660.02 0.35
h-BN 1.4960.08 4.2260.01 0.61
Quartz 2.4960.30 1.8060.02 1.43
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In graphene, electron–electron interactions are expected to
play a significant role, as the screening length diverges at the
charge neutrality point and the conventional Landau theory
that enables us to map a strongly interacting electronic liquid
into a gas of non-interacting fermions is no longer applicable1,2.
This should result in considerable changes in graphene’s
linear spectrum, and even more dramatic scenarios, including
the opening of an energy gap, have also been proposed3–5.
Experimental evidence for such spectral changes is scarce, such
that the strongest is probably a 20% difference between the
Fermi velocities vF found in graphene and carbon nanotubes6.
Here we report measurements of the cyclotron mass in
suspended graphene for carrier concentrations n varying over
three orders of magnitude. In contrast to the single-particle
picture, the real spectrum of graphene is profoundly nonlinear
near the neutrality point, and vF describing its slope increases
by a factor of more than two and can reach ⇡3⇥ 106 m s�1 at
n< 1010 cm�2. No gap is found at energies even as close to the
Dirac point as ⇠0.1meV. The observed spectral changes are
well described by the renormalization group approach, which
yields corrections logarithmic in n.

In the first approximation, charge carriers in graphene behave
like massless relativistic particles with a conical energy spectrum
E = vF ¯hk where the Fermi velocity vF plays the role of the effective
speed of light and k is the wave vector. Because graphene’s spectrum
is filled with electronic states up to the Fermi energy, their Coulomb
interaction has to be taken into account. To do this, the standard
approach of Landau’s Fermi-liquid theory, proven successful for
normal metals, fails in graphene, especially at E close to the
neutrality point, where the density of states vanishes. This leads
to theoretical divergences that have the same origin as those in
quantum electrodynamics and other interacting-field theories. In
the latter case, the interactions are normally accounted for by using
the renormalization group theory1, that is, by defining effective
models with a reduced number of degrees of freedom and treating
the effect of high-energy excitations perturbatively. This approach
was also applied to graphene by using as a small parameter either
the effective coupling constant ↵ = e

2/ ¯hvF (refs 7,8) or the inverse
of the number of fermion species in grapheneNf =4 (refs 9,10). The
resultingmany-body spectrum is shown in Fig. 1.

As for experiment, graphene placed on top of an oxidized
Si wafer and with typical n ⇡ 1012 cm�2 exhibits vF with the
conventional value v

⇤
F ⇡ 1.05 ± 0.1 ⇥ 106 m s�1. The value was

measured by using a variety of techniques including the early
transport experiments, in which Shubnikov–de Haas oscillations
(SdHO) were analysed to extract vF (refs 11,12). It has been noted
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Figure 1 | Sketch of graphene’s electronic spectrum with and without
taking into account e–e interactions. The outer cone is the single-particle
spectrum E = vFh̄k, and the inner cone illustrates the many-body spectrum
predicted by the renormalization group theory and observed in the current
experiments. We need to consider this image as follows. Electron–electron
(e–e) interactions reduce the density of states at low E and lead to an
increase in vF that slowly (logarithmically) diverges at zero E. As the Fermi
energy changes, vF changes accordingly but remains constant under the
Fermi surface (note the principal difference from the excitation spectra that
probe the states underneath the surface28).

that v⇤
F is larger than v

0
F ⇡ 0.85±0.05⇥106 m s�1, where v0F is the

value accepted for metallic carbon nanotubes (see, for example,
ref. 6). In agreement with this notion, the energy gaps measured
in semiconducting nanotubes show a nonlinear dependence on
their inverse radii, which is consistent with the larger vF in flat
graphene6. The differences between vF in graphene and its rolled-up
version can be attributed to e–e interactions13. Another piece of
evidence came from infrared measurements14 of the Pauli blocking
in graphene, which showed a sharp (15%) decrease in vF on
increasing n from ⇡ 0.5 to 2⇥ 1012 cm�2. A similar increase in
vF(⇡ 25%) for similar n has recently been found by scanning
tunnelling spectroscopy15. In both cases, the changes were sharper
and larger than the theory predicts for the probed relatively small
intervals of n.

Here, we have studied SdHO in suspended graphene devices
(inset in Fig. 2a). They were fabricated by using the procedures
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In graphene, electron–electron interactions are expected to
play a significant role, as the screening length diverges at the
charge neutrality point and the conventional Landau theory
that enables us to map a strongly interacting electronic liquid
into a gas of non-interacting fermions is no longer applicable1,2.
This should result in considerable changes in graphene’s
linear spectrum, and even more dramatic scenarios, including
the opening of an energy gap, have also been proposed3–5.
Experimental evidence for such spectral changes is scarce, such
that the strongest is probably a 20% difference between the
Fermi velocities vF found in graphene and carbon nanotubes6.
Here we report measurements of the cyclotron mass in
suspended graphene for carrier concentrations n varying over
three orders of magnitude. In contrast to the single-particle
picture, the real spectrum of graphene is profoundly nonlinear
near the neutrality point, and vF describing its slope increases
by a factor of more than two and can reach ⇡3⇥ 106 m s�1 at
n< 1010 cm�2. No gap is found at energies even as close to the
Dirac point as ⇠0.1meV. The observed spectral changes are
well described by the renormalization group approach, which
yields corrections logarithmic in n.

In the first approximation, charge carriers in graphene behave
like massless relativistic particles with a conical energy spectrum
E = vF ¯hk where the Fermi velocity vF plays the role of the effective
speed of light and k is the wave vector. Because graphene’s spectrum
is filled with electronic states up to the Fermi energy, their Coulomb
interaction has to be taken into account. To do this, the standard
approach of Landau’s Fermi-liquid theory, proven successful for
normal metals, fails in graphene, especially at E close to the
neutrality point, where the density of states vanishes. This leads
to theoretical divergences that have the same origin as those in
quantum electrodynamics and other interacting-field theories. In
the latter case, the interactions are normally accounted for by using
the renormalization group theory1, that is, by defining effective
models with a reduced number of degrees of freedom and treating
the effect of high-energy excitations perturbatively. This approach
was also applied to graphene by using as a small parameter either
the effective coupling constant ↵ = e

2/ ¯hvF (refs 7,8) or the inverse
of the number of fermion species in grapheneNf =4 (refs 9,10). The
resultingmany-body spectrum is shown in Fig. 1.

As for experiment, graphene placed on top of an oxidized
Si wafer and with typical n ⇡ 1012 cm�2 exhibits vF with the
conventional value v

⇤
F ⇡ 1.05 ± 0.1 ⇥ 106 m s�1. The value was

measured by using a variety of techniques including the early
transport experiments, in which Shubnikov–de Haas oscillations
(SdHO) were analysed to extract vF (refs 11,12). It has been noted
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Figure 1 | Sketch of graphene’s electronic spectrum with and without
taking into account e–e interactions. The outer cone is the single-particle
spectrum E = vFh̄k, and the inner cone illustrates the many-body spectrum
predicted by the renormalization group theory and observed in the current
experiments. We need to consider this image as follows. Electron–electron
(e–e) interactions reduce the density of states at low E and lead to an
increase in vF that slowly (logarithmically) diverges at zero E. As the Fermi
energy changes, vF changes accordingly but remains constant under the
Fermi surface (note the principal difference from the excitation spectra that
probe the states underneath the surface28).

that v⇤
F is larger than v

0
F ⇡ 0.85±0.05⇥106 m s�1, where v0F is the

value accepted for metallic carbon nanotubes (see, for example,
ref. 6). In agreement with this notion, the energy gaps measured
in semiconducting nanotubes show a nonlinear dependence on
their inverse radii, which is consistent with the larger vF in flat
graphene6. The differences between vF in graphene and its rolled-up
version can be attributed to e–e interactions13. Another piece of
evidence came from infrared measurements14 of the Pauli blocking
in graphene, which showed a sharp (15%) decrease in vF on
increasing n from ⇡ 0.5 to 2⇥ 1012 cm�2. A similar increase in
vF(⇡ 25%) for similar n has recently been found by scanning
tunnelling spectroscopy15. In both cases, the changes were sharper
and larger than the theory predicts for the probed relatively small
intervals of n.

Here, we have studied SdHO in suspended graphene devices
(inset in Fig. 2a). They were fabricated by using the procedures
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increasing n from ⇡ 0.5 to 2⇥ 1012 cm�2. A similar increase in
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and larger than the theory predicts for the probed relatively small
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The Fermi velocity, vF, is one of the key concepts in the study of a material, as it bears information on a
variety of fundamental properties. Upon increasing demand on the device applications, graphene is viewed
as a prototypical system for engineering vF. Indeed, several efforts have succeeded in modifying vF by varying
charge carrier concentration, n. Here we present a powerful but simple new way to engineer vF while holding
n constant. We find that when the environment embedding graphene is modified, the vF of graphene is (i)
inversely proportional to its dielectric constant, reaching vF , 2.53106 m/s, the highest value for graphene
on any substrate studied so far and (ii) clearly distinguished from an ordinary Fermi liquid. The method
demonstrated here provides a new route toward Fermi velocity engineering in a variety of two-dimensional
electron systems including topological insulators.

D
ue to its lattice structure and position of the Fermi energy, the low-energy electronic excitations of
graphene are described by an effective field theory that is Lorentz invariant1. Unlike Galilean invariant
theories such as Fermi Liquids2 whose main relevant parameter is the effective mass, Lorentz invariant

theories are characterized by an effective velocity. Because of this, an increase of electron-electron interactions
induces an increase of the Fermi velocity, vF, in contrast to Fermi liquids, where the opposite trend is true3. In the
case of graphene, when electron-electron interactions are weak4, vF is expected to be as low as 0.853106 m/s,
whereas, for the case of strong interactions5, vF is expected to be as high as 1.733106 m/s.

Recently, Fermi velocities as high as ,33106 m/s6 have been achieved in suspended graphene through a
change of the carrier concentration n6–9. However, because this dependence is logarithmic, n needs to be changed
by two orders of magnitude in order to change the velocity by a factor of 3. This implies that it is unpractical to use
n as a way to engineer vF, let alone the fact that one should first realize suspended graphene in the device6. Several
other routes have also been proposed to engineer vF in graphene via the electron-electron interaction, including
modifications of: a) curvature of the graphene sheet10; b) periodic potentials11; c) dielectric screening12–14. While
the former two also substantially modify the starting material, the latter simply modifies the effective dielectric
constant, e, making it more appealing for device applications15. Despite this advantage, no systematic study of
how to engineer vF by changing e exists to date. Here we provide a new venue to control the Fermi velocity of
graphene using dielectrics, while keeping n constant.

Results
We perform such a study using three single-layer graphene samples, which were prepared by chemical vapor
deposition (CVD) on Cu, followed by an in situ dewetting of Cu on quartz (single crystal SiO2)16 or a transfer onto
hexagonal boron nitride (BN)17, and by epitaxial growth on 4H-SiC(000-1)18. Figures 1A and 1B show angle-
resolved photoemission spectroscopy (ARPES) intensity maps measured near the Brillouin zone corner K along
the C-K direction for the two CVD grown samples, which constitute the first report on Dirac quasiparticle
mapping from these samples. Following the maximum intensity, one can clearly observe almost linear energy
spectra, characteristic of Dirac electrons19. The momentum distribution curves (MDC), intensity spectra taken at
constant energy as a function of momentum, are shown in Fig. 1C. In addition to being proportional to the
imaginary part of the electron self-energy, the MDC spectral width provides information on the sample quality. A
clear increase of the width is observed by changing the substrate from SiC(000-1) via BN to quartz, a trend that is
in overall agreement with the theoretical expectation that the electron self-energy should vary with the inverse
square of the dielectric screening20, as later discussed. The quartz sample here used constitutes a substantial
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Figure 1. 2D materials with Dirac cones, which contain various elementary sub-
stances (Es) and compounds (Cp) with the elements of B, C, O, Si, Ge, Mo, V, Pb, etc.
In detail, there are Pmmn boron, graphene, α-graphyne, 6,6,12-graphyne, 14,14,18-
graphyne, S-graphene, square carbon SG-10b, silicene, germanene, CO on Cu(111),
(VO2)3/(TiO2)5, so-MoS2, and Pb2(C6H4)3 in the clockwise direction.

Figure 2. (a) Atomic structure and (b) energy bands of graphene. The energy bands
were calculated by first-principles [32] (black line) and TB model with Equation (2)
(green line) and Equation (3) (red line).

the C atoms are sp2-hybridized and bind together
with both σ and π bonds.

The electronic structure of graphene can be de-
scribed by a tight-binding (TB) approach [12,16].
Under nearest-neighbor approximation, the
Hamiltonian is simplified into a 2 × 2 matrix for
each wave vector k:

H(k) =
!

ε0 −
"

i=1,2,3
ti exp (ik · di )

c.c. ε0

#

,

(1)
where di (i = 1, 2, 3) are vectors that connect a C
atom to its three nearest neighbors, ti are the cor-

responding hopping energies, and ε0 is the on-site
energy. The energy bands are thus solved
to be

E±(k) = ±
$$$$$

%

i=1,2,3

ti exp (ik · di )

$$$$$ (2)

by setting the Feimi level to be ε0 = 0. For the equi-
librium structure, ti ≡ t0 (≈ 2.7 eV) and di ≡ r0
(≈ 1.42 Å), and the valence and conduction bands
contact atK andK′ points of the hexagonal Brillouin
zone. Expanding the energy bands aroundK (orK′)
gives

E± (q) = ±!υF
$$q

$$ , (3)

where k = K + q, and υF = 3t0r0/2! is the fermi
velocity (∼106 m/s). Equation (3) shows that
graphene has a cone-like band structure with lin-
ear dispersion near K (or K′) points, similar to
a relativistic particle. The TB results are consis-
tent with first-principles calculations at low-energy
regions (Fig. 2b) [32].The density of states (DOS)
per unit cell (with a degeneracy of 4 included) near
Fermi level is expressed as

ρ(E ) = 4 |E |
√
3π t20

. (4)

Thus, graphene is a gapless semiconductor with zero
DOS at Fermi level.TheHamiltonian nearK (orK′)
points can be also transformed [12,33] into

H = υFp · σ , (5)

where p = −i!∇ is the momentum operator and
σ is the Pauli matrice. Equation (5) is identical to
the massless Dirac equation (or Dirac–Weyl equa-
tion with spin S = 1/2) by replacing c (speed of
light) with υF. Therefore, the K (or K′) points are
also called Dirac points, and the linear band struc-
ture is named asDirac cone.Graphenepossessmass-
less Dirac fermions with pseudospins of±1/2.

Many novel physical phenomena and electronic
properties have been found in graphene due to the
Dirac-cone structure. For example, a particular Lan-
dau level forms in graphene when a uniform perpen-
dicular magnetic field B is applied [5,34],

E (N) = sgn(N)
&
2e!υ2

F |N| B (6)

while E (N) ∝ N in normal semiconductors. The
Landau levels in 2D systems can be verified by
Shubnikov-deHaas oscillations orQHE (if themag-
netic field is strong enough). Different from the con-
ventional 2D systems, graphene shows a half-integer
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ABSTRACT
Inspired by the great development of graphene, more and more research has been conducted to seek new
two-dimensional (2D) materials with Dirac cones. Although 2DDirac materials possess many novel
properties and physics, they are rare compared with the numerous 2Dmaterials. To provide explanation for
the rarity of 2DDirac materials as well as clues in searching for new Dirac systems, here we review the
recent theoretical aspects of various 2DDirac materials, including graphene, silicene, germanene,
graphynes, several boron and carbon sheets, transition-metal oxides (VO2)n/(TiO2)m and
(CrO2)n/(TiO2)m, organic and organometallic crystals, so-MoS2, and artificial lattices (electron gases and
ultracold atoms).Their structural and electronic properties are summarized. We also investigate how Dirac
points emerge, move, and merge in these systems.The von Neumann–Wigner theorem is used to explain
the scarcity of Dirac cones in 2D systems, which leads to rigorous requirements on the symmetry,
parameters, Fermi level, and band overlap of materials to achieve Dirac cones. Connections between
existence of Dirac cones and the structural features are also discussed.

Keywords: graphene, silicene, graphyne, two-dimensional, Dirac cone, Dirac materials

INTRODUCTION
Two-dimensional (2D) crystal was thought to be
unstable in nature for a long time until 2004 when
graphene, a one-atom-thick honeycomb structure
composed of carbon atoms, was successfully pre-
pared [1]. The discovery of graphene has attracted
great interest because of the promising prospects of
graphene in both basic and applied research [2,3]. In
particular, the Dirac-cone structure gives graphene
massless fermions, leading to half-integer [4,5]/frac-
tional [6,7]/fractal [8–10] quantum Hall effects
(QHE), ultrahigh carrier mobility [11], and many
other novel phenomena and properties [12,13].The
great development of graphene also opens a door for
discovering more 2Dmaterials [14,15].

Up to now, over hundreds of 2D materials have
been found, including group-IV compounds, bi-
nary systems of group III-V elements, metal chalco-
genides, complex oxides, and so on [14,15]. But
among them, only graphene [4,5,16], silicene and
germanene (graphene-like silicon and germanium,
respectively) [17], several graphynes (sp-sp2 carbon
allotropes) [18,19], and some other systems [20–
31] have been predicted to beDiracmaterials (sum-

marized in Fig. 1). Moreover, only Dirac cones in
graphene have been truly confirmed experimentally
[4,5]. Why are the 2DDirac materials so rare?What
are the special structure and properties for them?
And how can we find newmassless Dirac systems?

This paper reviews the theoretical studies on the
2DmaterialswithDirac cones.We startwith a survey
on the known 2D Dirac materials up to date, where
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properties. Then, we discuss the underlying mech-
anism for the rarity of 2D Dirac systems, i.e. how
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Graphene is themost typical 2Dmaterial with Dirac
cones [12]. It can be regarded as a single layer of
graphite, which has two C atoms per unit cell ar-
ranged in a hexagonal lattice (Fig. 2a). The C−C
bond length in graphene is 1.42 Å, and the lattice
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ABSTRACT
Inspired by the great development of graphene, more and more research has been conducted to seek new
two-dimensional (2D) materials with Dirac cones. Although 2DDirac materials possess many novel
properties and physics, they are rare compared with the numerous 2Dmaterials. To provide explanation for
the rarity of 2DDirac materials as well as clues in searching for new Dirac systems, here we review the
recent theoretical aspects of various 2DDirac materials, including graphene, silicene, germanene,
graphynes, several boron and carbon sheets, transition-metal oxides (VO2)n/(TiO2)m and
(CrO2)n/(TiO2)m, organic and organometallic crystals, so-MoS2, and artificial lattices (electron gases and
ultracold atoms).Their structural and electronic properties are summarized. We also investigate how Dirac
points emerge, move, and merge in these systems.The von Neumann–Wigner theorem is used to explain
the scarcity of Dirac cones in 2D systems, which leads to rigorous requirements on the symmetry,
parameters, Fermi level, and band overlap of materials to achieve Dirac cones. Connections between
existence of Dirac cones and the structural features are also discussed.

Keywords: graphene, silicene, graphyne, two-dimensional, Dirac cone, Dirac materials
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Table 1. Dirac materials indicated by material family, pseudo-spin realization in the Dirac Hamiltonian,
and the energy scale for which the Dirac spectrum is present without any other states.

Material Pseudo-spin Energy scale References

Graphene, silicene, germanene Sublattice 1 − 3 eV [5,6,17,19,36,37]
Artificial graphenes Sublattice 10−8 − 0.1 eV [28,29,38–40]
Hexagonal layered heterostructures Emergent 0.01 − 0.1 eV [41–47]
Hofstadter butterfly systems Emergent 0.01 eV [46]
Graphene–hBN heterostructures in high magnetic fields
Band inversion interfaces: SnTe/PbTe, CdTe/HgTe, PbTe Spin–orbit ang. mom. 0.3 eV [48–50]
2D topological insulators: HgTe/CdTe, InAs/GaSb, Bi

bilayer, …
Spin–orbit ang. mom. <0.1 eV [7,8,22,24,51,52]

3D topological insulators: Bi1−xSbx , Bi2Se3, strained
HgTe, Heusler alloys, …

Spin–orbit ang. mom. !0.3 eV [7,8,23,52–55]

Topological crystalline insulators: SnTe, Pb1−xSnxSe Orbital !0.3 eV [56–59]
d-wave cuprate superconductors Nambu pseudo-spin !0.05 eV [60,61]
3He Nambu pseudo-spin 0.3 µeV [2,3]
3D Weyl and Dirac SM Energy bands Unclear [32–34]
Cd3As2, Na3Bi

and low-energy fermionic excitations being described by the Dirac Hamiltonian (Equation (1))
[2,4,11–13]. The rise of graphene [14–16] – a layer of carbon atoms arranged in a honeycomb
lattice – draws attention to the fact that the same Dirac-like spectrum, Equation (1), as in the super-
conducting or superfluid materials can be an inherent property of the band structure of a material,
ultimately stemming from the crystalline order [5,6,17,18]. The same crystalline order produces
Dirac fermions also in silicene and germanene [19], the Si and Ge equivalents of graphene, as
well as in “artificial” graphene [20,21]. In a more recent development, a new kind of insulator has
been discovered [7,22–27], the so-called topological insulators, which have a fully gapped energy
spectrum in the bulk but Dirac fermions on the surface. Furthermore, ultra-cold atoms in optical
lattices provide another realizations of Dirac fermions in condensed matter systems [28,29].

The possibility of finding materials with three-dimensional (3D) Dirac-like spectrum has
recently also gained a lot of attention. In three dimensions, all three Pauli matrices are used in
the momentum-dependent term: HD = cσ · p, and a mass term is thus per definition absent. This
Hamiltonian enters the Weyl equation in particle physics, and materials with this low-energy spec-
trum have subsequently been coined as Weyl semi-metals (SM) [30]. If there is a band degeneracy
present at the Dirac nodal point (but not causing a finite gap), these materials are instead called 3D
Dirac SM [31]. Recent angle-resolved photoemission spectroscopy (ARPES) measurements on
Na3Bi [32] and Cd3As2 [33,34] have found evidence for a 3D Dirac SM state in these materials.

At first (microscopic) sight, a material like graphene does hardly display any similarity with
typical d-wave superconductors or superfluids. There are important material-specific properties
making all these materials distinct: some are superconductors and some are (bulk) insulators;
some are crystalline with honeycomb lattice (graphene or silicene), others have a more com-
plicated Perovskite crystal structure (cuprate superconductors) or do not exhibit any crystalline
order (3He-A phase). Also the physical realizations of the Dirac pseudo-spin differ between these
materials (c.f. Table 1) and the list of differences can be continued. But again, it is the universal
properties related to the existence of the low-energy Dirac excitations that justify the concept of
Dirac materials. As a unifying principle, the presence of nodes leads to a sharp reduction of the
phase space for low-energy excitations in Dirac materials. More precisely, the dimensionality of
the set of points in momentum space where we have zero-energy excitations is reduced in Dirac
materials as compared to normal metals. For example, nodes for a 3D Dirac materials mean that
the effective Fermi surface is shrunk from a two-dimensional (2D) object to a point. Lines of Dirac
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FIG. 2. Schematic representation of the valence and
conduction bands at 12 K for PbTe, for the composition
at which the energy gap is zero, and for SnTe.

I

0.084
I I I I

0.082 0.080 0.078 0.076
PHOTON ENERGY (eV)

I

0.074

I

15.0
I

15.5 16.0
WAVELENGTH (I)

I

16.5

FIG. 1. Emission spectra of optically excited
Pbp. 8(Snp, feTe at about 12'K, obtained below threshold
at a GaAs-diode current of 3 A and above threshold at
6.4 and 10 A. The spectra above threshold show re-
solution-limited mode structure.

to a value of approximately 6.5 for the quanti-
ty [n, -X,dn/dX]. Coherent emission was also
obtained from a Pb0»Sn»Te-alloy sample
at 14.9 p, .
The luminescence data of Fig. 1 give an en-

ergy gap of 0.078 eV for Pb, „Sn, »Te at 12'K,
compared to 0.186 eV obtained in PbTe from
luminescence measurements at this tempera-
ture. ' A decrease of the energy gap with in-
crease in Sn concentration has also been ob-
served in Pb-rich Pb„Sn1 „Te alloys at 300'K
by means of optical-absorption measurements. '4
However, recent tunneling experiments' have
indicated that SnTe is a semiconductor with
an energy gap at 4.2 K of approximately 0.3
eV, i.e., larger than the energy gap of either
PbTe or Pb0.8ySn»Te at low temperatures.
Furthermore, inspection of the tunneling da-
ta at 300 K indicates that the band gap in SnTe
at this temperature is approximately 0.18 eV,
i.e. , smaller than the gap in SnTe at low tem-
peratures. This decrease in the energy gap
with increasing temperature is opposite to the
temperature dependence of the energy gap in
PbTe. These results lead us to propose a band-

structure model for the. Pb~Sn1 &Te alloys in
which the valence and conduction bands of SnTe
are inverted from those of PbTe.
The valence- and conduction-band edges in

PbTe occur at the L point in the Brillouin zone.
It is believed that the valence-band edge is an

state and the conduction-band edge is an
L6 state. ' According to our proposed band
model, with increasing Sn composition the en-
ergy gap initially decreases as the L, and L,
states approach each other, goes to zero at
some intermediate composition where the two
states become degenerate, and then increases,
with the L,+ state now forming the conduction-
band edge and the L, state forming the valence-
band edge. Since the L, and L, states each
have only a two-fold spin degeneracy, their
crossover does not result in a semimetal but
in a semiconductor with the valence and con-
duction bands interchanged. Figure 2 shows
schematically the proposed valence and conduc-
tion bands for PbTe, for the composition at
which the energy gap is zero, and for SnTe.
In Fig. 3, we have plotted the energy gap as

determined by the luminescence data at low
temperatures and by the optical-absorption
data at 300 K. The gap energies determined
from the tunneling experiments in SnTe are
also plotted but as negative values to conform
with the proposed inverted-band model. A dashed
curve has been drawn through the low-temper-
ature data to indicate roughly the gap variation
with composition, and a parallel curve has been
drawn through the room-temperature data.
The extrapolations indicate that at 12 K the
energy gap passes through zero at 1-x = 0.35
whereas at 300 K this occurs at 1-x=0.62.
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The change in energy gap with composition
for the Pb~Sn1 xTe alloy series can be under-
stood qualitatively in terms of the difference
between the relativistic effects in Pb and Sn.
Conklin, Johnson, and Pratt' have calculated
the band structure of PbTe and have shown that
relativistic corrections are extremely impor-
tant in determining the positions of the ener-
gy bands. An estimate of the difference in these
corrections for the conduction and valence bands
of PbTe and SnTe can be obtained from the cal-
culated band functions of PbTe and the differ-
ence in the relativistic effects for the valence
states of atomic Pb and Sn. The band calcula-
tions indicate that about 36% of the valence-
band L, state comes from a Pb s state and
31% of the conduction-band L, state comes
from a Pb p state. The difference between the
relativistic shifts of the valence states of Pb
and Sn is 2.75 eV for the s states (6s for Pb
vs 5s for Sn) and 0.73 eV for the P states. Us-
ing these values, we estimate an upward shift
of the L, state by 0.99 eV and of the L, state
by 0.23 eV in going from PbTe to SnTe. This
corresponds to a relative shift of 0.76 eV and
indicates that the bands should cross at some
intermediate value of composition. The data
and interpretation indicated in Fig. 3 call for
a shift of only about 0.5 eV. Relativistic effects,
therefore, more than account for the change
in energy gap required by the model. On the
basis of the difference between the relativis-
tic shifts in Pb and Sn, similar variations in
band structure with compositions can be expect-
ed in the Pb&Sn1 &Se and PbxSn1 ~S alloys
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FlG. 3. Energy gap of Pb~Sn1 ~Te as a function of
mole fraction of SnTe, 1—x. The data points are ob-
tained from luminescence at 12'K, optical absorption
at 300 K, and tunneling in SnTe at 4.2 and 300 K.

with rocksalt structure.
Due to the energy-band crossover, the tem-

perature dependence of the energy gap for SnTe
and the Sn-rich alloys is of opposite sign and,
as can be seen from the data in Fig. 3, about
equal in magnitude to that of PbTe and the Pb-
rich alloys. This should be true for the pres-
sure dependence of the energy gap as well.
For alloys on the Sn-rich side of Pbp 65Snp 35Te
it should be possible to close the energy gap
by increasing the temperature. For alloys on
the Pb-rich side it should be possible to close
the energy gap by increasing the pressure.
The energy gap in SnTe should close at about
470'C whereas at 12'K the energy gap in PbTe
should close at about 25 kbar. For the alloy
Pb, „Sn, »Te, the energy gap at 12'K should
close at about 10 kbar assuming that the pres-
sure coefficient is the same as in PbTe. The
possibility of arbitrarily reducing the energy
gap by changing the composition or by varying
pressure or temperature is especially attrac-
tive for use in long-wavelength infrared detec-
tion as well as for tunable long-wavelength la-
sers. Unfortunately, many of the interesting
transport phenomena associated with small en-
ergy gap and small effective masses may be
obscured in the PbxSn1 ~Te alloys because
at present they can be grown only with very
high carrier concentrations. However, it should
be interesting to observe the luminescence as
the gap energy approaches the vicinity of the
optical-phonon energies. This occurs at 0.0135
eV or 92 p, (longitudinal) or 0.0039 eV or 320
p, (transverse) in PbTe. ' One would expect the
luminescence to be quenched in the vicinity of
these energies due to the possibility of nonra-
diative interband transitions via optical phonons.
On the other hand, this may result in the gen-
eration of unusually high optical-phonon den-
sities. If quenching does occur, it would also
be interesting to see if the luminescence resumes
at longer wavelengths and if so at what wave-
length it finally ceases.
We thank J. F. Miller of Battelle Memorial

Institute and A. E. Paladino of this laboratory
for supplying the Pb~Sn1 ~Te crystals, Mary L.
Barney, L. J. Belanger, and Mary C. Finn for
technical assistance, and L. Esaki and E. Q.
Bylander for communicating their results prior
to publication.

*Operated with support from the U. S. Air Force.
For details of the experimental arrangements, see
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tering, and were found in reasonable agreement
with the assumed cross section for He-He scat-
tering. If the liquid were indeed at the temper-
ature determined by beam measurements and
had its usual vapor pressure of 7 Torr, the
apparatus would have been overloaded with He.
The liquid results do not depend significantly
on bath temperature, on changes in the arrange-
ment of heat exchangers and inlet pipe geome-
try, or on the level of vibration as qualitative-
ly altered by operating a number of extra me-
chanical pumps. Adequate time to attain equilib-
rium was allowed.
The data indicate that the Maxwell-Boltzmann

distribution is valid for helium gas down to
0.6'K and indirectly confirm the validity of the
Massey-Mohr scattering theory in the low-en-
ergy limit. The evaporating liquid velocities
are similarly distributed in the usual modified
Maxwellian way, but are characterized by a
velocity that would be associated with a gas
warmer by 1.0+ 0.1'K than the actual source
temperature.
It is perhaps premature to try to attribute

this result to the mell-known quantum proper-
ties of He II, but it is interesting that the en-
ergy excess per atom is in agreement with that
predicted by Toda' for the formation of eight-
atom microcrystallites (1.05'K per atom).

Further development of these techniques will
be necessary before beams emitted from liq-
uids can be observed over a wider range of
temperatures and with other gases. %e feel
that the classical molecular-beam method as
exemplified by this first experiment can serve
as a useful tool in the study of the microscop-
ic properties of liquid helium. Meyer et al. '
have observed the velocities of atoms evapo-
rated by heat pulses from films of 'He and 'He
within a small sealed cavity, and found sever-
al anomalous effects. No comparison with our
results seems immediately apparent.
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Program [Contract No. DA36-039-AMC-03200 (E)I.
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BAND STRUCTURE AND LASER ACTION IN PbxSn1 &Te

J. O. Dimmock, I. Melngailis, and A. J. Strauss
Lincoln Laboratory, * Massachusetts Institute of Technology, Lexington, Massachusetts

(Received 27 May 1966)

This Letter reports the observation of spon-
taneous and coherent emission in the vicinity
of 15 p. from Pb~Sn1 ~Te alloys at 12 K opti-
cally excited by radiation from a GaAs-diode
laser. A model of the band structure of the
alloy system is proposed to explain the com-
position dependence of the band gap and the
change in sign of the temperature coefficient
of the band gap between PbTe and SnTe.
In the photoluminescence experiments a small

crystal sample and the GaAs laser pump were
mounted on a copper heat sink which was in
contact with liquid helium. ' The Fabry-Perot
cavity was formed by tmo parallel faces of the
sample which were perpendicular to the sur-
face irradiated by the GaAs laser beam. Cur-
rent pulses of a few microseconds duration

mere applied to the GaAs diode at the rate of
3000/sec.
Figure 1 shows the emission spectra of a

Pb, „Sn, »Te laser at 12'K, below and above
threshold. The sample mas a vapor-grown n-
type crystal (n = 1.7 x 10'~ cm ' at 77'K) with
the as-grown shape of a parallelepiped 550 JL(.

long in the direction of laser emission. The
onset of coherent emission, which was evidenced
by an abrupt increase in emission intensity
as well as by the appearance of mode structure,
occurred at a GaAs-diode current of 3.7 A,
which corresponds to approximately 1.5 W of
0.84- p, radiation. A single cavity mode at 15.9
p, was excited at currents between 3.7 and 8
A, and multimode operation was observed at
higher currents. The mode spacing corresponds

1193

VOLUME 16, NUMBER 26 PHYSICAL REVIEW LETTERS 27 JUNE 1966

tering, and were found in reasonable agreement
with the assumed cross section for He-He scat-
tering. If the liquid were indeed at the temper-
ature determined by beam measurements and
had its usual vapor pressure of 7 Torr, the
apparatus would have been overloaded with He.
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as well as by the appearance of mode structure,
occurred at a GaAs-diode current of 3.7 A,
which corresponds to approximately 1.5 W of
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Subbands in the gap in inverted-band semiconductor quantum wells
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We calculate the states associated with layered structures composed of semiconductors of opposite
band-edge symmetry within the two-band k-p model. Interface states are present whenever the two
gaps overlap. These are three-dimensional analogues of soliton states for which fractional charge
character has been claimed. For a single interface there is a gapless pair of particlelike and holelike
bands. A gap develops for quantum wells, whose magnitude varies with the well width. This sys-
tem may be realizable using IV-VI semiconductor alloys.

Although most work on artificially structured materials
has dealt with III-V compounds, narrow-gap II-VI and
IV-VI materials are beginning to attract a lot of atten-
tion. ' In this paper we describe the novel bound states
which might be formed in structures built from IV-VI
compound semiconductors and their alloys, such as the
PbTe-Pb& Sn Te or PbSe-Pb& Sn Se systems. Our
analysis is also relevant to the more complex HgTe-CdTe
heterostructure systems. The crucial materials properties
we invoke are that states near the gap in the bulk IV-VI
materials are adequately described by a two-band
model, ' and that one of the materials has inverted
bands. ' Then, using the effective-mass k p approxima-
tion, we find the following:
(i) In heterojunctions, quantum wells, or superlattices

made from such materials, subbands of electronlike and
holelike interface states are formed which lie within the
fundamental gap. The states are insensitive, in important
respects, to band-gap offset, as long as the two gaps over-
lap.
(ii) The resultant system is gapless in the heterostruc-

ture case, while the remaining gap in the other cases may
be adjusted by varying the well or superlattice dimensions.
The density of states at the new gap edge, and the total
areal density of bound states may be tuned by an applied
magnetic field. There are obvious implications for in-
frared photodetectors and lasers.
(iii) The interface states we find are mathematically

identical to the gap states which arise in the presence of
solitons in one-dimensional systems. ' These have been
discussed with reference to the existence of "fractionally
charged" objects. In zero magnetic field the "fraction" is
unity here because of spin degeneracy, but this degeneracy
is lifted in finite field allowing access to states which nomi-
nally carry charge 2. With the possibility of varying the
total number of gap states by means of an applied field,
this system may allow easier experimental and theoretical
study of the nature of fractionally charged states than the
soliton systems so far considered. In particular, it is im-
portant to understand how Prange's theorem, which re-
quires (at least in one dimension) that all solid-state mani-
festations of fractional charge be simply polarization ef-
fects, is implemented physically in this case.
Our analysis of an idealized system follows. Some of

the approximations we use, and materials questions, will
be discussed at the end of the paper.
In the effective-mass approximation, the electronic

wave function is written as a sum of products of band-
edge orbitals with slowly varying envelope functions. In
the two-band case there are four envelope functions (in-
cluding spin) subject to an effective Hamiltonian of Dirac
form, which is, in the homogeneous case

m(c*) I
c*cr-0

Here, cr are Pauli matrices, I is the 2&(2 unit matrix, N
and X are two-component envelope functions related to
the electronlike and holelike bands, respectively, m is the
band-edge mass, and II is p—eA/c. Writing
EG——2m(c*) defines the quantity c*. It is usually taken
as a constant when m and EG change across layer
boundaries. In IV-VI compounds the potential V is con-
stant in each region, because of strong dielectric screening.
The way in which V changes from one region to the next
is very system dependent, and not yet fully understood.
There has been considerable discussion of how correctly

to connect solutions of such envelope equations across a
boundary between dissimilar materials. The very success-
ful formulations of Bastard, ' and of White and Sham, "
are based on simple continuity of the envelope functions
@ and X across a boundary. (The derivative conditions
usually quoted then follow from the equations of motion. )
This is the boundary condition we adopt. If the bands are
inverted in one of the regions, however, the correct condi-
tion is continuity of the envelopes for states of a given
symmetry. Then N in one region is continuous with X in
the next. It is simpler to relabel + and X in one of the re-
gions in that case, which corresponds to using a negative
value for m in the inverted region. '
We choose the "growth" direction of the system to be

the z axis and assume homogeneity in the x-y plane. In
zero magnetic field we choose the transverse momentum
to be in the y direction, and call its value p. In a finite
field parallel to the z direction, everything to follow
remains valid if p is replaced by &(2n)A'/I, where 1 is the
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Narrow-gap semiconductor compounds like Pb, _,Sn,Te and Hg, - .Cd,Te present band 
inversion under compositional variation. In a band-inverted heterojunction the fundamental 
gap, defined as the difference between r6 and Ts energies, has opposite signs on each side 
[l]. Type 111 superlattices with band inversion of CdTe/HgTe and PbTe/SnTe have been 
successfully grown in the past [2, 31. One of the most conspicuous characteristics of 
band-inverted heterojunctions is the existence of interface states lying within the fundamental 
gap, provided that the two gaps overlap [4 to 81. In IV-VI compounds those interface 
states are properly described by means of a two-band model using the effective k ' p  
approximation. On the contrary, the analysis is more complex in 11-VI compounds due 
to mixing with heavy-hole states since non-centrosymmetry effects are not negligible in this 
case. The equation governing conduction- and valence-band envelope functions in a simple 
two-band model, neglecting far-band corrections, is a Dirac-like equation. Exact solutions 
can then be found in view of this analogy because one can use elaborated techniques like 
those related to supersymmetric quantum mechanics [7]. The aim of this note is to present 
an alternative way of solution based on the so-called point interaction potentials [9, 101 (any 
arbitrary sharply peaked potential approaching the &function limit) along with a Green 
function method. We believe that our treatment gives a very intuitive explanation of the 
origin of interface states, while other approaches may obscure the way how those states 
arise. Moreover, the effects of external electric and magnetic fields can be included in a 
straightforward fashion, as we will show later. 

In the effective-mass approximation the electronic wave function is a sum of products of 
Bloch functions at the band edge with slowly varying envelope functions. The two-band 
model Hamiltonian in the absence of external fields is of the form 

where the Z-axis is perpendicular to the heterojunction, EG(z)  stands for the position 
dependent gap, cty, a,, and f l  are the usual 4 x 4  Dirac matrices, uL and u, are interband 
matrix elements having dimensions of velocity. As usual, it is assumed that these matrix 
elements are constant through the whole heterostructure due to the similarity of the zone 
centre in both semiconductors. Since the gap depends only upon z ,  the transverse momentum 
is a constant of motion and we can set the Y-axis parallel to this component. In the two-band 
case there are four envelope functions including spin and we arrange them in a four- 
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We study the interface-bound midgap states in semiconductor heterojunctions, where the constit-
uents have opposite band-edge symmetry and overlapping gaps. Even including the effects of band
offsets, graded interfaces, and far-band corrections, the spectrum remains gapless and essentially
linear as a function of in-plane momentum. Optical transitions between interface levels have an
unusual spectrum and polarization dependence, which may have device applications. %'e remark
on the possible existence of "anomalous currents" in these systems.

I. INTRODUCTION

In a semiconductor heterojunction where the constitu-
ents have opposite band-edge symmetry and overlapping
gaps, there is predicted to be a band of midgap states
bound to the interface, which have linear dispersion as a
function of momentum in the interface plane. Several re-
cent papers have dealt with aspects of these states, rang-
ing from their possib1e use as far-infrared detectors to the
suggestion that they manifest a field-theoretic "anomaly. "
To our knowledge, there is as yet no experimental
confirmation that these states exist, but work is in pro-
gress to search for them. Here we extend the theoretical
discussion in several ways, touching on both concerns
mentioned above, among others.
Volkov and Pankratov' seem to have been the first to

have noticed the rnidgap states, in a treatment of the sirn-
plest two-band approximation for near-gap states in het-
erostructures made from IV-VI materials. Examples are
Pb& „Sn„Y,where Y is Te or Se, and where the Sn frac-
tion x changes across the interface. The authors con-
sidered only a symmetric situation (aligned gap centers in
the two materials) and discussed special features of the
magnetic susceptibility and magnetization oscillations as-
sociated with the linear dispersion. Their work was ex-
tended by Kusmartsev and Tsvelik, who discussed some
effects of magnetic impurities with this unusual dynam-
1cs.
Quite independently, Korenman and Drew (KD) stud-

ied this system in the more general asymmetric case, and
for quantum wells and superlattices of band-inverted ma-
terials, as well as for single interfaces. We also found the
linear spectrum for states bound to a single interface, but
showed that the spectrum cuts off at finite transverse
momentum when there is asymmetry. A gap opens up
when a second interface is added to form a quantum well,
and bands appear in a superlattice. There is unusual po-
larization behavior of electromagnetic transitions be-
tween interface levels, and we discussed implications of

these transitions and of the existence of a variable gap for
devices such as infrared photodetectors and lasers. In
particular, there is substantial far-infrared absorption for
light polarized in the interface plane. This is a favorable
orientation for device purposes, but subgap transitions
with this polarization are gormally suppressed. We dis-
cussed oscillatory behavior in a magnetic field, but our
oscillations were related to the cutoffs, and are in addi-
tion to those of Ref. 1. We also remarked on the possible
existence of "fractional" charge accumulated at the inter-
face.
As discussed briefly in Ref. 3, interface states have

been predicted by several authors to exist in HgTe-CdTe
heterostructures. The analysis is more complex than in
the IV-VI materials, however, because of mixing with
heavy-hole levels, and a systematic analysis of the spec-
trum and magnetic field behavior has not yet been ac-
complished.
The field-theory viewpoint was introduced by Fradkin,

Dagotto, and Boyanovsky. Drawing on Ref. 1, they
considered a tight-binding treatment of PbTe with an an-
tiphase boundary. Their model is a perfect crystal with
one plane of atoms missing. This is a "cleaner" problem
theoretically, although diScult to realize in practice, but
it has much the same mathematical structure as the lead-
tin alloy system. They noted that such a material could
provide a realization of the Geld-theoretic "parity anoma-
ly, " and discussed the close relation with the one-
dimensional problem of electrons interacting with a soli-
ton field. Using arguments as in Ref. 6, they predicted
that anomalous surface charges or currents would occur
under certain circumstances. In particular, a Hall-like
current might be seen, with direction independent of the
sign of the magnetic field. Wilczek discussed essentially
the same model in terms of axion electrodynamics, and
reached similar conclusions.
The present paper comprises a more complete discus-

sion of the asymmetric, inverted, lead-tin alloy system,
and similar ones. We fill in some details omitted earlier,
and make some important extensions. To approach the
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FIG. 2. Schematic representation of the valence and
conduction bands at 12 K for PbTe, for the composition
at which the energy gap is zero, and for SnTe.
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FIG. 1. Emission spectra of optically excited
Pbp. 8(Snp, feTe at about 12'K, obtained below threshold
at a GaAs-diode current of 3 A and above threshold at
6.4 and 10 A. The spectra above threshold show re-
solution-limited mode structure.

to a value of approximately 6.5 for the quanti-
ty [n, -X,dn/dX]. Coherent emission was also
obtained from a Pb0»Sn»Te-alloy sample
at 14.9 p, .
The luminescence data of Fig. 1 give an en-

ergy gap of 0.078 eV for Pb, „Sn, »Te at 12'K,
compared to 0.186 eV obtained in PbTe from
luminescence measurements at this tempera-
ture. ' A decrease of the energy gap with in-
crease in Sn concentration has also been ob-
served in Pb-rich Pb„Sn1 „Te alloys at 300'K
by means of optical-absorption measurements. '4
However, recent tunneling experiments' have
indicated that SnTe is a semiconductor with
an energy gap at 4.2 K of approximately 0.3
eV, i.e., larger than the energy gap of either
PbTe or Pb0.8ySn»Te at low temperatures.
Furthermore, inspection of the tunneling da-
ta at 300 K indicates that the band gap in SnTe
at this temperature is approximately 0.18 eV,
i.e. , smaller than the gap in SnTe at low tem-
peratures. This decrease in the energy gap
with increasing temperature is opposite to the
temperature dependence of the energy gap in
PbTe. These results lead us to propose a band-

structure model for the. Pb~Sn1 &Te alloys in
which the valence and conduction bands of SnTe
are inverted from those of PbTe.
The valence- and conduction-band edges in

PbTe occur at the L point in the Brillouin zone.
It is believed that the valence-band edge is an

state and the conduction-band edge is an
L6 state. ' According to our proposed band
model, with increasing Sn composition the en-
ergy gap initially decreases as the L, and L,
states approach each other, goes to zero at
some intermediate composition where the two
states become degenerate, and then increases,
with the L,+ state now forming the conduction-
band edge and the L, state forming the valence-
band edge. Since the L, and L, states each
have only a two-fold spin degeneracy, their
crossover does not result in a semimetal but
in a semiconductor with the valence and con-
duction bands interchanged. Figure 2 shows
schematically the proposed valence and conduc-
tion bands for PbTe, for the composition at
which the energy gap is zero, and for SnTe.
In Fig. 3, we have plotted the energy gap as

determined by the luminescence data at low
temperatures and by the optical-absorption
data at 300 K. The gap energies determined
from the tunneling experiments in SnTe are
also plotted but as negative values to conform
with the proposed inverted-band model. A dashed
curve has been drawn through the low-temper-
ature data to indicate roughly the gap variation
with composition, and a parallel curve has been
drawn through the room-temperature data.
The extrapolations indicate that at 12 K the
energy gap passes through zero at 1-x = 0.35
whereas at 300 K this occurs at 1-x=0.62.
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for quantum wells and superlattices of band-inverted ma-
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tion to those of Ref. 1. We also remarked on the possible
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been predicted by several authors to exist in HgTe-CdTe
heterostructures. The analysis is more complex than in
the IV-VI materials, however, because of mixing with
heavy-hole levels, and a systematic analysis of the spec-
trum and magnetic field behavior has not yet been ac-
complished.
The field-theory viewpoint was introduced by Fradkin,

Dagotto, and Boyanovsky. Drawing on Ref. 1, they
considered a tight-binding treatment of PbTe with an an-
tiphase boundary. Their model is a perfect crystal with
one plane of atoms missing. This is a "cleaner" problem
theoretically, although diScult to realize in practice, but
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tin alloy system. They noted that such a material could
provide a realization of the Geld-theoretic "parity anoma-
ly, " and discussed the close relation with the one-
dimensional problem of electrons interacting with a soli-
ton field. Using arguments as in Ref. 6, they predicted
that anomalous surface charges or currents would occur
under certain circumstances. In particular, a Hall-like
current might be seen, with direction independent of the
sign of the magnetic field. Wilczek discussed essentially
the same model in terms of axion electrodynamics, and
reached similar conclusions.
The present paper comprises a more complete discus-

sion of the asymmetric, inverted, lead-tin alloy system,
and similar ones. We fill in some details omitted earlier,
and make some important extensions. To approach the
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We study the interface-bound midgap states in semiconductor heterojunctions, where the constit-
uents have opposite band-edge symmetry and overlapping gaps. Even including the effects of band
offsets, graded interfaces, and far-band corrections, the spectrum remains gapless and essentially
linear as a function of in-plane momentum. Optical transitions between interface levels have an
unusual spectrum and polarization dependence, which may have device applications. %'e remark
on the possible existence of "anomalous currents" in these systems.

I. INTRODUCTION

In a semiconductor heterojunction where the constitu-
ents have opposite band-edge symmetry and overlapping
gaps, there is predicted to be a band of midgap states
bound to the interface, which have linear dispersion as a
function of momentum in the interface plane. Several re-
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have noticed the rnidgap states, in a treatment of the sirn-
plest two-band approximation for near-gap states in het-
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Pb& „Sn„Y,where Y is Te or Se, and where the Sn frac-
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the two materials) and discussed special features of the
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tended by Kusmartsev and Tsvelik, who discussed some
effects of magnetic impurities with this unusual dynam-
1cs.
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ied this system in the more general asymmetric case, and
for quantum wells and superlattices of band-inverted ma-
terials, as well as for single interfaces. We also found the
linear spectrum for states bound to a single interface, but
showed that the spectrum cuts off at finite transverse
momentum when there is asymmetry. A gap opens up
when a second interface is added to form a quantum well,
and bands appear in a superlattice. There is unusual po-
larization behavior of electromagnetic transitions be-
tween interface levels, and we discussed implications of

these transitions and of the existence of a variable gap for
devices such as infrared photodetectors and lasers. In
particular, there is substantial far-infrared absorption for
light polarized in the interface plane. This is a favorable
orientation for device purposes, but subgap transitions
with this polarization are gormally suppressed. We dis-
cussed oscillatory behavior in a magnetic field, but our
oscillations were related to the cutoffs, and are in addi-
tion to those of Ref. 1. We also remarked on the possible
existence of "fractional" charge accumulated at the inter-
face.
As discussed briefly in Ref. 3, interface states have

been predicted by several authors to exist in HgTe-CdTe
heterostructures. The analysis is more complex than in
the IV-VI materials, however, because of mixing with
heavy-hole levels, and a systematic analysis of the spec-
trum and magnetic field behavior has not yet been ac-
complished.
The field-theory viewpoint was introduced by Fradkin,

Dagotto, and Boyanovsky. Drawing on Ref. 1, they
considered a tight-binding treatment of PbTe with an an-
tiphase boundary. Their model is a perfect crystal with
one plane of atoms missing. This is a "cleaner" problem
theoretically, although diScult to realize in practice, but
it has much the same mathematical structure as the lead-
tin alloy system. They noted that such a material could
provide a realization of the Geld-theoretic "parity anoma-
ly, " and discussed the close relation with the one-
dimensional problem of electrons interacting with a soli-
ton field. Using arguments as in Ref. 6, they predicted
that anomalous surface charges or currents would occur
under certain circumstances. In particular, a Hall-like
current might be seen, with direction independent of the
sign of the magnetic field. Wilczek discussed essentially
the same model in terms of axion electrodynamics, and
reached similar conclusions.
The present paper comprises a more complete discus-

sion of the asymmetric, inverted, lead-tin alloy system,
and similar ones. We fill in some details omitted earlier,
and make some important extensions. To approach the
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Narrow-gap semiconductor compounds like Pb, _,Sn,Te and Hg, - .Cd,Te present band 
inversion under compositional variation. In a band-inverted heterojunction the fundamental 
gap, defined as the difference between r6 and Ts energies, has opposite signs on each side 
[l]. Type 111 superlattices with band inversion of CdTe/HgTe and PbTe/SnTe have been 
successfully grown in the past [2, 31. One of the most conspicuous characteristics of 
band-inverted heterojunctions is the existence of interface states lying within the fundamental 
gap, provided that the two gaps overlap [4 to 81. In IV-VI compounds those interface 
states are properly described by means of a two-band model using the effective k ' p  
approximation. On the contrary, the analysis is more complex in 11-VI compounds due 
to mixing with heavy-hole states since non-centrosymmetry effects are not negligible in this 
case. The equation governing conduction- and valence-band envelope functions in a simple 
two-band model, neglecting far-band corrections, is a Dirac-like equation. Exact solutions 
can then be found in view of this analogy because one can use elaborated techniques like 
those related to supersymmetric quantum mechanics [7]. The aim of this note is to present 
an alternative way of solution based on the so-called point interaction potentials [9, 101 (any 
arbitrary sharply peaked potential approaching the &function limit) along with a Green 
function method. We believe that our treatment gives a very intuitive explanation of the 
origin of interface states, while other approaches may obscure the way how those states 
arise. Moreover, the effects of external electric and magnetic fields can be included in a 
straightforward fashion, as we will show later. 

In the effective-mass approximation the electronic wave function is a sum of products of 
Bloch functions at the band edge with slowly varying envelope functions. The two-band 
model Hamiltonian in the absence of external fields is of the form 

where the Z-axis is perpendicular to the heterojunction, EG(z)  stands for the position 
dependent gap, cty, a,, and f l  are the usual 4 x 4  Dirac matrices, uL and u, are interband 
matrix elements having dimensions of velocity. As usual, it is assumed that these matrix 
elements are constant through the whole heterostructure due to the similarity of the zone 
centre in both semiconductors. Since the gap depends only upon z ,  the transverse momentum 
is a constant of motion and we can set the Y-axis parallel to this component. In the two-band 
case there are four envelope functions including spin and we arrange them in a four- 
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FIG. 2. Schematic representation of the valence and
conduction bands at 12 K for PbTe, for the composition
at which the energy gap is zero, and for SnTe.
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FIG. 1. Emission spectra of optically excited
Pbp. 8(Snp, feTe at about 12'K, obtained below threshold
at a GaAs-diode current of 3 A and above threshold at
6.4 and 10 A. The spectra above threshold show re-
solution-limited mode structure.

to a value of approximately 6.5 for the quanti-
ty [n, -X,dn/dX]. Coherent emission was also
obtained from a Pb0»Sn»Te-alloy sample
at 14.9 p, .
The luminescence data of Fig. 1 give an en-

ergy gap of 0.078 eV for Pb, „Sn, »Te at 12'K,
compared to 0.186 eV obtained in PbTe from
luminescence measurements at this tempera-
ture. ' A decrease of the energy gap with in-
crease in Sn concentration has also been ob-
served in Pb-rich Pb„Sn1 „Te alloys at 300'K
by means of optical-absorption measurements. '4
However, recent tunneling experiments' have
indicated that SnTe is a semiconductor with
an energy gap at 4.2 K of approximately 0.3
eV, i.e., larger than the energy gap of either
PbTe or Pb0.8ySn»Te at low temperatures.
Furthermore, inspection of the tunneling da-
ta at 300 K indicates that the band gap in SnTe
at this temperature is approximately 0.18 eV,
i.e. , smaller than the gap in SnTe at low tem-
peratures. This decrease in the energy gap
with increasing temperature is opposite to the
temperature dependence of the energy gap in
PbTe. These results lead us to propose a band-

structure model for the. Pb~Sn1 &Te alloys in
which the valence and conduction bands of SnTe
are inverted from those of PbTe.
The valence- and conduction-band edges in

PbTe occur at the L point in the Brillouin zone.
It is believed that the valence-band edge is an

state and the conduction-band edge is an
L6 state. ' According to our proposed band
model, with increasing Sn composition the en-
ergy gap initially decreases as the L, and L,
states approach each other, goes to zero at
some intermediate composition where the two
states become degenerate, and then increases,
with the L,+ state now forming the conduction-
band edge and the L, state forming the valence-
band edge. Since the L, and L, states each
have only a two-fold spin degeneracy, their
crossover does not result in a semimetal but
in a semiconductor with the valence and con-
duction bands interchanged. Figure 2 shows
schematically the proposed valence and conduc-
tion bands for PbTe, for the composition at
which the energy gap is zero, and for SnTe.
In Fig. 3, we have plotted the energy gap as

determined by the luminescence data at low
temperatures and by the optical-absorption
data at 300 K. The gap energies determined
from the tunneling experiments in SnTe are
also plotted but as negative values to conform
with the proposed inverted-band model. A dashed
curve has been drawn through the low-temper-
ature data to indicate roughly the gap variation
with composition, and a parallel curve has been
drawn through the room-temperature data.
The extrapolations indicate that at 12 K the
energy gap passes through zero at 1-x = 0.35
whereas at 300 K this occurs at 1-x=0.62.
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ABSTRACT

Dirac materials are characterized by energy-momentum relations that resemble those of relativistic massless particles.
Commonly denominated Dirac cones, these dispersion relations are considered to be their essential feature. These materials
comprise quite diverse examples, such as graphene and topological insulators. Band-engineering techniques should aim to a
full control of the parameter that characterizes the Dirac cones: the Fermi velocity. We propose a general mechanism that
enables the fine-tuning of the Fermi velocity in Dirac materials in a readily accessible way for experiments. By embedding
the sample in a uniform electric field, the Fermi velocity is substantially modified. We first prove this result analytically, for the
surface states of a topological insulator/semiconductor interface, and postulate its universality to other Dirac materials. Then
we check its correctness in carbon-based Dirac materials, namely graphene nanoribbons and nanotubes, thus showing the
validity of our hypothesis in different Dirac systems by means of continuum, tight-binding and ab-initio calculations.

Introduction

A plethora of distinct materials are currently studied under the common feature of their low-energy excitations, resembling
those of massless Dirac fermions. In addition to graphene1, 2, two and three dimensional topological insulators and topological
crystalline insulators stand out as important examples of the so-called Dirac materials (see Ref.3 and references therein). Kane
and Mele4, based on seminal works by Thouless et al.5 and Haldane6 on the quantum Hall effect and its relation with topology,
were the first to suggest in 2005 the existence of these new topological phases of matter. In 2006, Bernevig et al.7 propounded a
topologically insulating system, namely a HgTe/CdTe quantum well. Their prediction led to the detection in 2007 of non-trivial
helical edge states, thus establishing the existence of the quantum spin Hall effect8.

From the standpoint of applications, Dirac materials are foreseen to be of paramount importance due to their universal
behavior and the robustness of their properties, ultimately linked to symmetry3. Their band structure resembles the energy-
momentum relation of relativistic massless particles where the energy dependence on the momentum is linear, hence the name
of Dirac cones. Substantial effort is being devoted to control the slope of these cones, that is, the Fermi velocity. This parameter
is essential for applications and it fully characterizes the Dirac cones. Fermi velocity modification has been predicted and
observed in few-layer graphene due to the rotation of two neighboring layers9, 10. Indeed, in twisted bilayer graphene, a change
in the band velocity was found for low rotation angles10. This velocity reduction can be traced back to the interaction of the two
Dirac cones, brought together due to band folding11. Additionally, other mechanisms have also been put forward to produce a
velocity change. For instance, Hwang et al. demonstrated that the Fermi velocity is inversely proportional to the dielectric
constant when the environment embedding graphene is modified12. Many-body effects can also affect the Fermi velocity. For
example, due to the divergence of the screening length at the neutrality point in graphene, a renormalization of the Fermi
velocity has been related to many-body effects13. This many-body effect has also been detected in a topological insulator,
namely, Bi2Te3

14.
Thus far, however, all these mechanisms apropos tailoring the Fermi velocity cannot be amply tuned at will, with the

exception of changing the rotation angle in bilayer graphene, which implies structural modifications that are cumbersome in
experiments. The aim of our work is to introduce a new mechanism, experimentally convenient, that enables fine-tuning of the
Fermi velocity. We shall prove that double-gated Dirac materials are excellent candidates to verify this effect.
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Fermi velocity engineering in graphene
by substrate modification
Choongyu Hwang1, David A. Siegel1,2, Sung-Kwan Mo3, William Regan1,2, Ariel Ismach4,

Yuegang Zhang4, Alex Zettl1,2 & Alessandra Lanzara1,2

1Materials Sciences Division, Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA, 2Department of Physics,
University of California, Berkeley CA 94720, USA, 3Advanced Light Source, Lawrence Berkeley National Laboratory, Berkeley,
CA 94720, USA, 4The Molecular Foundry, Lawrence Berkley National Laboratory, Berkeley CA 94720, USA.

The Fermi velocity, vF, is one of the key concepts in the study of a material, as it bears information on a
variety of fundamental properties. Upon increasing demand on the device applications, graphene is viewed
as a prototypical system for engineering vF. Indeed, several efforts have succeeded in modifying vF by varying
charge carrier concentration, n. Here we present a powerful but simple new way to engineer vF while holding
n constant. We find that when the environment embedding graphene is modified, the vF of graphene is (i)
inversely proportional to its dielectric constant, reaching vF , 2.53106 m/s, the highest value for graphene
on any substrate studied so far and (ii) clearly distinguished from an ordinary Fermi liquid. The method
demonstrated here provides a new route toward Fermi velocity engineering in a variety of two-dimensional
electron systems including topological insulators.

D
ue to its lattice structure and position of the Fermi energy, the low-energy electronic excitations of
graphene are described by an effective field theory that is Lorentz invariant1. Unlike Galilean invariant
theories such as Fermi Liquids2 whose main relevant parameter is the effective mass, Lorentz invariant

theories are characterized by an effective velocity. Because of this, an increase of electron-electron interactions
induces an increase of the Fermi velocity, vF, in contrast to Fermi liquids, where the opposite trend is true3. In the
case of graphene, when electron-electron interactions are weak4, vF is expected to be as low as 0.853106 m/s,
whereas, for the case of strong interactions5, vF is expected to be as high as 1.733106 m/s.

Recently, Fermi velocities as high as ,33106 m/s6 have been achieved in suspended graphene through a
change of the carrier concentration n6–9. However, because this dependence is logarithmic, n needs to be changed
by two orders of magnitude in order to change the velocity by a factor of 3. This implies that it is unpractical to use
n as a way to engineer vF, let alone the fact that one should first realize suspended graphene in the device6. Several
other routes have also been proposed to engineer vF in graphene via the electron-electron interaction, including
modifications of: a) curvature of the graphene sheet10; b) periodic potentials11; c) dielectric screening12–14. While
the former two also substantially modify the starting material, the latter simply modifies the effective dielectric
constant, e, making it more appealing for device applications15. Despite this advantage, no systematic study of
how to engineer vF by changing e exists to date. Here we provide a new venue to control the Fermi velocity of
graphene using dielectrics, while keeping n constant.

Results
We perform such a study using three single-layer graphene samples, which were prepared by chemical vapor
deposition (CVD) on Cu, followed by an in situ dewetting of Cu on quartz (single crystal SiO2)16 or a transfer onto
hexagonal boron nitride (BN)17, and by epitaxial growth on 4H-SiC(000-1)18. Figures 1A and 1B show angle-
resolved photoemission spectroscopy (ARPES) intensity maps measured near the Brillouin zone corner K along
the C-K direction for the two CVD grown samples, which constitute the first report on Dirac quasiparticle
mapping from these samples. Following the maximum intensity, one can clearly observe almost linear energy
spectra, characteristic of Dirac electrons19. The momentum distribution curves (MDC), intensity spectra taken at
constant energy as a function of momentum, are shown in Fig. 1C. In addition to being proportional to the
imaginary part of the electron self-energy, the MDC spectral width provides information on the sample quality. A
clear increase of the width is observed by changing the substrate from SiC(000-1) via BN to quartz, a trend that is
in overall agreement with the theoretical expectation that the electron self-energy should vary with the inverse
square of the dielectric screening20, as later discussed. The quartz sample here used constitutes a substantial
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FIG. 2. Schematic representation of the valence and
conduction bands at 12 K for PbTe, for the composition
at which the energy gap is zero, and for SnTe.
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FIG. 1. Emission spectra of optically excited
Pbp. 8(Snp, feTe at about 12'K, obtained below threshold
at a GaAs-diode current of 3 A and above threshold at
6.4 and 10 A. The spectra above threshold show re-
solution-limited mode structure.

to a value of approximately 6.5 for the quanti-
ty [n, -X,dn/dX]. Coherent emission was also
obtained from a Pb0»Sn»Te-alloy sample
at 14.9 p, .
The luminescence data of Fig. 1 give an en-

ergy gap of 0.078 eV for Pb, „Sn, »Te at 12'K,
compared to 0.186 eV obtained in PbTe from
luminescence measurements at this tempera-
ture. ' A decrease of the energy gap with in-
crease in Sn concentration has also been ob-
served in Pb-rich Pb„Sn1 „Te alloys at 300'K
by means of optical-absorption measurements. '4
However, recent tunneling experiments' have
indicated that SnTe is a semiconductor with
an energy gap at 4.2 K of approximately 0.3
eV, i.e., larger than the energy gap of either
PbTe or Pb0.8ySn»Te at low temperatures.
Furthermore, inspection of the tunneling da-
ta at 300 K indicates that the band gap in SnTe
at this temperature is approximately 0.18 eV,
i.e. , smaller than the gap in SnTe at low tem-
peratures. This decrease in the energy gap
with increasing temperature is opposite to the
temperature dependence of the energy gap in
PbTe. These results lead us to propose a band-

structure model for the. Pb~Sn1 &Te alloys in
which the valence and conduction bands of SnTe
are inverted from those of PbTe.
The valence- and conduction-band edges in

PbTe occur at the L point in the Brillouin zone.
It is believed that the valence-band edge is an

state and the conduction-band edge is an
L6 state. ' According to our proposed band
model, with increasing Sn composition the en-
ergy gap initially decreases as the L, and L,
states approach each other, goes to zero at
some intermediate composition where the two
states become degenerate, and then increases,
with the L,+ state now forming the conduction-
band edge and the L, state forming the valence-
band edge. Since the L, and L, states each
have only a two-fold spin degeneracy, their
crossover does not result in a semimetal but
in a semiconductor with the valence and con-
duction bands interchanged. Figure 2 shows
schematically the proposed valence and conduc-
tion bands for PbTe, for the composition at
which the energy gap is zero, and for SnTe.
In Fig. 3, we have plotted the energy gap as

determined by the luminescence data at low
temperatures and by the optical-absorption
data at 300 K. The gap energies determined
from the tunneling experiments in SnTe are
also plotted but as negative values to conform
with the proposed inverted-band model. A dashed
curve has been drawn through the low-temper-
ature data to indicate roughly the gap variation
with composition, and a parallel curve has been
drawn through the room-temperature data.
The extrapolations indicate that at 12 K the
energy gap passes through zero at 1-x = 0.35
whereas at 300 K this occurs at 1-x=0.62.
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ABSTRACT

Dirac materials are characterized by energy-momentum relations that resemble those of relativistic massless particles.
Commonly denominated Dirac cones, these dispersion relations are considered to be their essential feature. These materials
comprise quite diverse examples, such as graphene and topological insulators. Band-engineering techniques should aim to a
full control of the parameter that characterizes the Dirac cones: the Fermi velocity. We propose a general mechanism that
enables the fine-tuning of the Fermi velocity in Dirac materials in a readily accessible way for experiments. By embedding
the sample in a uniform electric field, the Fermi velocity is substantially modified. We first prove this result analytically, for the
surface states of a topological insulator/semiconductor interface, and postulate its universality to other Dirac materials. Then
we check its correctness in carbon-based Dirac materials, namely graphene nanoribbons and nanotubes, thus showing the
validity of our hypothesis in different Dirac systems by means of continuum, tight-binding and ab-initio calculations.

Introduction

A plethora of distinct materials are currently studied under the common feature of their low-energy excitations, resembling
those of massless Dirac fermions. In addition to graphene1, 2, two and three dimensional topological insulators and topological
crystalline insulators stand out as important examples of the so-called Dirac materials (see Ref.3 and references therein). Kane
and Mele4, based on seminal works by Thouless et al.5 and Haldane6 on the quantum Hall effect and its relation with topology,
were the first to suggest in 2005 the existence of these new topological phases of matter. In 2006, Bernevig et al.7 propounded a
topologically insulating system, namely a HgTe/CdTe quantum well. Their prediction led to the detection in 2007 of non-trivial
helical edge states, thus establishing the existence of the quantum spin Hall effect8.

From the standpoint of applications, Dirac materials are foreseen to be of paramount importance due to their universal
behavior and the robustness of their properties, ultimately linked to symmetry3. Their band structure resembles the energy-
momentum relation of relativistic massless particles where the energy dependence on the momentum is linear, hence the name
of Dirac cones. Substantial effort is being devoted to control the slope of these cones, that is, the Fermi velocity. This parameter
is essential for applications and it fully characterizes the Dirac cones. Fermi velocity modification has been predicted and
observed in few-layer graphene due to the rotation of two neighboring layers9, 10. Indeed, in twisted bilayer graphene, a change
in the band velocity was found for low rotation angles10. This velocity reduction can be traced back to the interaction of the two
Dirac cones, brought together due to band folding11. Additionally, other mechanisms have also been put forward to produce a
velocity change. For instance, Hwang et al. demonstrated that the Fermi velocity is inversely proportional to the dielectric
constant when the environment embedding graphene is modified12. Many-body effects can also affect the Fermi velocity. For
example, due to the divergence of the screening length at the neutrality point in graphene, a renormalization of the Fermi
velocity has been related to many-body effects13. This many-body effect has also been detected in a topological insulator,
namely, Bi2Te3

14.
Thus far, however, all these mechanisms apropos tailoring the Fermi velocity cannot be amply tuned at will, with the

exception of changing the rotation angle in bilayer graphene, which implies structural modifications that are cumbersome in
experiments. The aim of our work is to introduce a new mechanism, experimentally convenient, that enables fine-tuning of the
Fermi velocity. We shall prove that double-gated Dirac materials are excellent candidates to verify this effect.
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FIG. 2. Schematic representation of the valence and
conduction bands at 12 K for PbTe, for the composition
at which the energy gap is zero, and for SnTe.
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FIG. 1. Emission spectra of optically excited
Pbp. 8(Snp, feTe at about 12'K, obtained below threshold
at a GaAs-diode current of 3 A and above threshold at
6.4 and 10 A. The spectra above threshold show re-
solution-limited mode structure.

to a value of approximately 6.5 for the quanti-
ty [n, -X,dn/dX]. Coherent emission was also
obtained from a Pb0»Sn»Te-alloy sample
at 14.9 p, .
The luminescence data of Fig. 1 give an en-

ergy gap of 0.078 eV for Pb, „Sn, »Te at 12'K,
compared to 0.186 eV obtained in PbTe from
luminescence measurements at this tempera-
ture. ' A decrease of the energy gap with in-
crease in Sn concentration has also been ob-
served in Pb-rich Pb„Sn1 „Te alloys at 300'K
by means of optical-absorption measurements. '4
However, recent tunneling experiments' have
indicated that SnTe is a semiconductor with
an energy gap at 4.2 K of approximately 0.3
eV, i.e., larger than the energy gap of either
PbTe or Pb0.8ySn»Te at low temperatures.
Furthermore, inspection of the tunneling da-
ta at 300 K indicates that the band gap in SnTe
at this temperature is approximately 0.18 eV,
i.e. , smaller than the gap in SnTe at low tem-
peratures. This decrease in the energy gap
with increasing temperature is opposite to the
temperature dependence of the energy gap in
PbTe. These results lead us to propose a band-

structure model for the. Pb~Sn1 &Te alloys in
which the valence and conduction bands of SnTe
are inverted from those of PbTe.
The valence- and conduction-band edges in

PbTe occur at the L point in the Brillouin zone.
It is believed that the valence-band edge is an

state and the conduction-band edge is an
L6 state. ' According to our proposed band
model, with increasing Sn composition the en-
ergy gap initially decreases as the L, and L,
states approach each other, goes to zero at
some intermediate composition where the two
states become degenerate, and then increases,
with the L,+ state now forming the conduction-
band edge and the L, state forming the valence-
band edge. Since the L, and L, states each
have only a two-fold spin degeneracy, their
crossover does not result in a semimetal but
in a semiconductor with the valence and con-
duction bands interchanged. Figure 2 shows
schematically the proposed valence and conduc-
tion bands for PbTe, for the composition at
which the energy gap is zero, and for SnTe.
In Fig. 3, we have plotted the energy gap as

determined by the luminescence data at low
temperatures and by the optical-absorption
data at 300 K. The gap energies determined
from the tunneling experiments in SnTe are
also plotted but as negative values to conform
with the proposed inverted-band model. A dashed
curve has been drawn through the low-temper-
ature data to indicate roughly the gap variation
with composition, and a parallel curve has been
drawn through the room-temperature data.
The extrapolations indicate that at 12 K the
energy gap passes through zero at 1-x = 0.35
whereas at 300 K this occurs at 1-x=0.62.
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ABSTRACT

Dirac materials are characterized by energy-momentum relations that resemble those of relativistic massless particles.
Commonly denominated Dirac cones, these dispersion relations are considered to be their essential feature. These materials
comprise quite diverse examples, such as graphene and topological insulators. Band-engineering techniques should aim to a
full control of the parameter that characterizes the Dirac cones: the Fermi velocity. We propose a general mechanism that
enables the fine-tuning of the Fermi velocity in Dirac materials in a readily accessible way for experiments. By embedding
the sample in a uniform electric field, the Fermi velocity is substantially modified. We first prove this result analytically, for the
surface states of a topological insulator/semiconductor interface, and postulate its universality to other Dirac materials. Then
we check its correctness in carbon-based Dirac materials, namely graphene nanoribbons and nanotubes, thus showing the
validity of our hypothesis in different Dirac systems by means of continuum, tight-binding and ab-initio calculations.

Introduction

A plethora of distinct materials are currently studied under the common feature of their low-energy excitations, resembling
those of massless Dirac fermions. In addition to graphene1, 2, two and three dimensional topological insulators and topological
crystalline insulators stand out as important examples of the so-called Dirac materials (see Ref.3 and references therein). Kane
and Mele4, based on seminal works by Thouless et al.5 and Haldane6 on the quantum Hall effect and its relation with topology,
were the first to suggest in 2005 the existence of these new topological phases of matter. In 2006, Bernevig et al.7 propounded a
topologically insulating system, namely a HgTe/CdTe quantum well. Their prediction led to the detection in 2007 of non-trivial
helical edge states, thus establishing the existence of the quantum spin Hall effect8.

From the standpoint of applications, Dirac materials are foreseen to be of paramount importance due to their universal
behavior and the robustness of their properties, ultimately linked to symmetry3. Their band structure resembles the energy-
momentum relation of relativistic massless particles where the energy dependence on the momentum is linear, hence the name
of Dirac cones. Substantial effort is being devoted to control the slope of these cones, that is, the Fermi velocity. This parameter
is essential for applications and it fully characterizes the Dirac cones. Fermi velocity modification has been predicted and
observed in few-layer graphene due to the rotation of two neighboring layers9, 10. Indeed, in twisted bilayer graphene, a change
in the band velocity was found for low rotation angles10. This velocity reduction can be traced back to the interaction of the two
Dirac cones, brought together due to band folding11. Additionally, other mechanisms have also been put forward to produce a
velocity change. For instance, Hwang et al. demonstrated that the Fermi velocity is inversely proportional to the dielectric
constant when the environment embedding graphene is modified12. Many-body effects can also affect the Fermi velocity. For
example, due to the divergence of the screening length at the neutrality point in graphene, a renormalization of the Fermi
velocity has been related to many-body effects13. This many-body effect has also been detected in a topological insulator,
namely, Bi2Te3

14.
Thus far, however, all these mechanisms apropos tailoring the Fermi velocity cannot be amply tuned at will, with the

exception of changing the rotation angle in bilayer graphene, which implies structural modifications that are cumbersome in
experiments. The aim of our work is to introduce a new mechanism, experimentally convenient, that enables fine-tuning of the
Fermi velocity. We shall prove that double-gated Dirac materials are excellent candidates to verify this effect.
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We still get a cone but it becomes wider. In addition, as it was anticipated above, equation (8b) ensures that the tunneling rate
into the continuum is exponentially small in the low-field limit.

In order to verify results (8a) and (8b), we numerically tested them from the exact numerical solution of equation (7).
Figure 1(a) shows the real part of the pole of G+(x ,x 0;e) as well as the approximate expression (8a) as a function of the interface
momentum. At low electric field (F = 0.2FC) the dispersion is perfectly linear and the accuracy of our approximation (8a)
is outstanding. Slight deviations from the linear behavior appear upon increasing the electric field (F = 0.8FC) and the
approximate slope is no longer valid, as expected. The maximum value of the electric field below which the approximation (8a)
holds can be estimated from figure 1(b). It displays the Fermi velocity as a function of the electric field for two different values
of the interface momentum. It is seen that the approximate result (9) fits the exact result in the range F . 0.4FC. Figure 1(c)
displays the level width obtained from the imaginary part of the pole of G+(x ,x 0;e) as a function of the inverse of the electric
field for two different values of |kkk?|d. Solid lines show the approximate width given in (8b). There exists a very good agreement
with exact results at moderate fields (F . 0.4FC). It is worth mentioning that the exact level width is much lower than the
approximate value at F ' FC. Thus, we conclude that tunneling is not important except at high fields.

Figure 1. (a) Energy as a function of the interface momentum for two values of the electric field. Solid lines correspond to the
approximate result (8a). The dispersion grows faster than linear only at high field. (b) Fermi velocity as a function of the the
electric field for two different values of the interface momentum. Solid line displays the quantum-confined Stark effect
predicted by (9). (c) Level width as a function of the inverse of the electric field for |kkk?|d = 0.2 (circles) and |kkk?|d = 0.3
(squares). Solid lines depict the approximation given in (8b).

A qualitative explanation of the reduction of the Fermi velocity can be traced back to the quantum-confined Stark effect.
For concreteness, let us focus on surface states with positive energy. Before the electric field is applied, surface states are
exponentially localized at the junction, with gapless and linear dispersion h̄v?|kkk?|. When the electric field is adiabatically
applied, it is well known that perturbation theory establishes that the energy is quadratically lowered with the field by an amount
dE (see figure 2). But the interface momentum is conserved if the field is perpendicular to the TI/S junction. Therefore, the
Dirac cone widens, as schematically shown in figure 2, and the Fermi velocity is in effect quadratically lowered with the electric
field. It should be stressed that equation (4) becomes independent of the electric field if e = 0. Consequently e = 0 for k

k

k? = 0
is still an eigenenergy of the system when the electric field is applied and the dispersion remains gapless. In other words, the
magnitude of the energy shift dE due to the electric field must decrease upon decreasing the energy.

In view of the above results, we consider that the Fermi velocity reduction is related to the existence of a Dirac cone, i.e.,
a linear dispersion relation, so it should be achievable in other Dirac materials. We choose carbon-based systems, such as
GNRs and CNTs, as the easiest examples in which to validate this hypothesis with a simple TB model, which nonetheless
includes other bands not present in the continuum approach presented before. Next section will be devoted to confirm this
idea by applying a uniform electric field across a metallic armchair graphene nanoribbon (aGNR), a metallic armchair carbon
nanotube (aCNT) and a metallic zigzag carbon nanotube (zCNT).

Carbon-based Dirac materials: tight-binding and ab-initio calculations

In order to elucidate the generality of our result, we check for its occurrence in carbon-based Dirac materials, such as metallic
aGNRs, aCNTs and zCNTs. These systems can be easily described with a one-orbital nearest-neighbor hopping tight-binding
approximation with an electric field term. TB calculations confirm that the Fermi velocity is remarkably reduced, and the
results for the aGNR are further validated by means of a low-energy Dirac equation. Our results are summarized in figure 3,
leaving the details of the calculations for the Supplemental Information. As can be immediately noticed, all systems display
a significant reduction of the Fermi velocity as a function of the electric field. Our conjecture is then firmly established: the
Fermi velocity can be reduced via a uniform electric field. In the case of a metallic aGNR, shown in figure 3(a), the agreement
between the TB and Dirac approaches is noteworthy. It is worth mentioning that the approaches start to slightly differ when the

4/9

𝑣x(𝐹) = 𝑣; 0 1 −
5
8
𝐹8

𝐹R8

Tuning the Fermi velocity in Dirac materials with an

electric field

A. Dı́az-Fern

´

andez

1,2,*
, Leonor Chico

3,4
, J. W. Gonz

´

alez

4,5
, and F. Domı́nguez-Adame

1,2

1GISC, Departamento de Fı́sica de Materiales, Universidad Complutense, E–28040 Madrid, Spain
2Department of Physics, University of Warwick, Coventry, CV4 7AL, United Kingdom
3Instituto de Ciencia de Materiales de Madrid, Consejo Superior de Investigaciones Cientı́ficas, C/ Sor Juana Inés
de la Cruz 3, E–28049 Madrid, Spain
4Donostia International Physics Center, Paseo Manuel de Lardizabal 4, E–20018 Donostia–San Sebastián, Spain
5Centro de Fı́sica de Materiales (CSIC-UPV/EHU)–Material Physics Center (MPC), Paseo Manuel de Lardizabal 5,
E–20018 Donostia–San Sebastián, Spain
*alvarodi@ucm.es

ABSTRACT

Dirac materials are characterized by energy-momentum relations that resemble those of relativistic massless particles.
Commonly denominated Dirac cones, these dispersion relations are considered to be their essential feature. These materials
comprise quite diverse examples, such as graphene and topological insulators. Band-engineering techniques should aim to a
full control of the parameter that characterizes the Dirac cones: the Fermi velocity. We propose a general mechanism that
enables the fine-tuning of the Fermi velocity in Dirac materials in a readily accessible way for experiments. By embedding
the sample in a uniform electric field, the Fermi velocity is substantially modified. We first prove this result analytically, for the
surface states of a topological insulator/semiconductor interface, and postulate its universality to other Dirac materials. Then
we check its correctness in carbon-based Dirac materials, namely graphene nanoribbons and nanotubes, thus showing the
validity of our hypothesis in different Dirac systems by means of continuum, tight-binding and ab-initio calculations.

Introduction

A plethora of distinct materials are currently studied under the common feature of their low-energy excitations, resembling
those of massless Dirac fermions. In addition to graphene1, 2, two and three dimensional topological insulators and topological
crystalline insulators stand out as important examples of the so-called Dirac materials (see Ref.3 and references therein). Kane
and Mele4, based on seminal works by Thouless et al.5 and Haldane6 on the quantum Hall effect and its relation with topology,
were the first to suggest in 2005 the existence of these new topological phases of matter. In 2006, Bernevig et al.7 propounded a
topologically insulating system, namely a HgTe/CdTe quantum well. Their prediction led to the detection in 2007 of non-trivial
helical edge states, thus establishing the existence of the quantum spin Hall effect8.

From the standpoint of applications, Dirac materials are foreseen to be of paramount importance due to their universal
behavior and the robustness of their properties, ultimately linked to symmetry3. Their band structure resembles the energy-
momentum relation of relativistic massless particles where the energy dependence on the momentum is linear, hence the name
of Dirac cones. Substantial effort is being devoted to control the slope of these cones, that is, the Fermi velocity. This parameter
is essential for applications and it fully characterizes the Dirac cones. Fermi velocity modification has been predicted and
observed in few-layer graphene due to the rotation of two neighboring layers9, 10. Indeed, in twisted bilayer graphene, a change
in the band velocity was found for low rotation angles10. This velocity reduction can be traced back to the interaction of the two
Dirac cones, brought together due to band folding11. Additionally, other mechanisms have also been put forward to produce a
velocity change. For instance, Hwang et al. demonstrated that the Fermi velocity is inversely proportional to the dielectric
constant when the environment embedding graphene is modified12. Many-body effects can also affect the Fermi velocity. For
example, due to the divergence of the screening length at the neutrality point in graphene, a renormalization of the Fermi
velocity has been related to many-body effects13. This many-body effect has also been detected in a topological insulator,
namely, Bi2Te3

14.
Thus far, however, all these mechanisms apropos tailoring the Fermi velocity cannot be amply tuned at will, with the

exception of changing the rotation angle in bilayer graphene, which implies structural modifications that are cumbersome in
experiments. The aim of our work is to introduce a new mechanism, experimentally convenient, that enables fine-tuning of the
Fermi velocity. We shall prove that double-gated Dirac materials are excellent candidates to verify this effect.

Fermi velocity engineering in graphene
by substrate modification
Choongyu Hwang1, David A. Siegel1,2, Sung-Kwan Mo3, William Regan1,2, Ariel Ismach4,

Yuegang Zhang4, Alex Zettl1,2 & Alessandra Lanzara1,2

1Materials Sciences Division, Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA, 2Department of Physics,
University of California, Berkeley CA 94720, USA, 3Advanced Light Source, Lawrence Berkeley National Laboratory, Berkeley,
CA 94720, USA, 4The Molecular Foundry, Lawrence Berkley National Laboratory, Berkeley CA 94720, USA.

The Fermi velocity, vF, is one of the key concepts in the study of a material, as it bears information on a
variety of fundamental properties. Upon increasing demand on the device applications, graphene is viewed
as a prototypical system for engineering vF. Indeed, several efforts have succeeded in modifying vF by varying
charge carrier concentration, n. Here we present a powerful but simple new way to engineer vF while holding
n constant. We find that when the environment embedding graphene is modified, the vF of graphene is (i)
inversely proportional to its dielectric constant, reaching vF , 2.53106 m/s, the highest value for graphene
on any substrate studied so far and (ii) clearly distinguished from an ordinary Fermi liquid. The method
demonstrated here provides a new route toward Fermi velocity engineering in a variety of two-dimensional
electron systems including topological insulators.

D
ue to its lattice structure and position of the Fermi energy, the low-energy electronic excitations of
graphene are described by an effective field theory that is Lorentz invariant1. Unlike Galilean invariant
theories such as Fermi Liquids2 whose main relevant parameter is the effective mass, Lorentz invariant

theories are characterized by an effective velocity. Because of this, an increase of electron-electron interactions
induces an increase of the Fermi velocity, vF, in contrast to Fermi liquids, where the opposite trend is true3. In the
case of graphene, when electron-electron interactions are weak4, vF is expected to be as low as 0.853106 m/s,
whereas, for the case of strong interactions5, vF is expected to be as high as 1.733106 m/s.

Recently, Fermi velocities as high as ,33106 m/s6 have been achieved in suspended graphene through a
change of the carrier concentration n6–9. However, because this dependence is logarithmic, n needs to be changed
by two orders of magnitude in order to change the velocity by a factor of 3. This implies that it is unpractical to use
n as a way to engineer vF, let alone the fact that one should first realize suspended graphene in the device6. Several
other routes have also been proposed to engineer vF in graphene via the electron-electron interaction, including
modifications of: a) curvature of the graphene sheet10; b) periodic potentials11; c) dielectric screening12–14. While
the former two also substantially modify the starting material, the latter simply modifies the effective dielectric
constant, e, making it more appealing for device applications15. Despite this advantage, no systematic study of
how to engineer vF by changing e exists to date. Here we provide a new venue to control the Fermi velocity of
graphene using dielectrics, while keeping n constant.

Results
We perform such a study using three single-layer graphene samples, which were prepared by chemical vapor
deposition (CVD) on Cu, followed by an in situ dewetting of Cu on quartz (single crystal SiO2)16 or a transfer onto
hexagonal boron nitride (BN)17, and by epitaxial growth on 4H-SiC(000-1)18. Figures 1A and 1B show angle-
resolved photoemission spectroscopy (ARPES) intensity maps measured near the Brillouin zone corner K along
the C-K direction for the two CVD grown samples, which constitute the first report on Dirac quasiparticle
mapping from these samples. Following the maximum intensity, one can clearly observe almost linear energy
spectra, characteristic of Dirac electrons19. The momentum distribution curves (MDC), intensity spectra taken at
constant energy as a function of momentum, are shown in Fig. 1C. In addition to being proportional to the
imaginary part of the electron self-energy, the MDC spectral width provides information on the sample quality. A
clear increase of the width is observed by changing the substrate from SiC(000-1) via BN to quartz, a trend that is
in overall agreement with the theoretical expectation that the electron self-energy should vary with the inverse
square of the dielectric screening20, as later discussed. The quartz sample here used constitutes a substantial
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We still get a cone but it becomes wider. In addition, as it was anticipated above, equation (8b) ensures that the tunneling rate
into the continuum is exponentially small in the low-field limit.

In order to verify results (8a) and (8b), we numerically tested them from the exact numerical solution of equation (7).
Figure 1(a) shows the real part of the pole of G+(x ,x 0;e) as well as the approximate expression (8a) as a function of the interface
momentum. At low electric field (F = 0.2FC) the dispersion is perfectly linear and the accuracy of our approximation (8a)
is outstanding. Slight deviations from the linear behavior appear upon increasing the electric field (F = 0.8FC) and the
approximate slope is no longer valid, as expected. The maximum value of the electric field below which the approximation (8a)
holds can be estimated from figure 1(b). It displays the Fermi velocity as a function of the electric field for two different values
of the interface momentum. It is seen that the approximate result (9) fits the exact result in the range F . 0.4FC. Figure 1(c)
displays the level width obtained from the imaginary part of the pole of G+(x ,x 0;e) as a function of the inverse of the electric
field for two different values of |kkk?|d. Solid lines show the approximate width given in (8b). There exists a very good agreement
with exact results at moderate fields (F . 0.4FC). It is worth mentioning that the exact level width is much lower than the
approximate value at F ' FC. Thus, we conclude that tunneling is not important except at high fields.

Figure 1. (a) Energy as a function of the interface momentum for two values of the electric field. Solid lines correspond to the
approximate result (8a). The dispersion grows faster than linear only at high field. (b) Fermi velocity as a function of the the
electric field for two different values of the interface momentum. Solid line displays the quantum-confined Stark effect
predicted by (9). (c) Level width as a function of the inverse of the electric field for |kkk?|d = 0.2 (circles) and |kkk?|d = 0.3
(squares). Solid lines depict the approximation given in (8b).

A qualitative explanation of the reduction of the Fermi velocity can be traced back to the quantum-confined Stark effect.
For concreteness, let us focus on surface states with positive energy. Before the electric field is applied, surface states are
exponentially localized at the junction, with gapless and linear dispersion h̄v?|kkk?|. When the electric field is adiabatically
applied, it is well known that perturbation theory establishes that the energy is quadratically lowered with the field by an amount
dE (see figure 2). But the interface momentum is conserved if the field is perpendicular to the TI/S junction. Therefore, the
Dirac cone widens, as schematically shown in figure 2, and the Fermi velocity is in effect quadratically lowered with the electric
field. It should be stressed that equation (4) becomes independent of the electric field if e = 0. Consequently e = 0 for k

k

k? = 0
is still an eigenenergy of the system when the electric field is applied and the dispersion remains gapless. In other words, the
magnitude of the energy shift dE due to the electric field must decrease upon decreasing the energy.

In view of the above results, we consider that the Fermi velocity reduction is related to the existence of a Dirac cone, i.e.,
a linear dispersion relation, so it should be achievable in other Dirac materials. We choose carbon-based systems, such as
GNRs and CNTs, as the easiest examples in which to validate this hypothesis with a simple TB model, which nonetheless
includes other bands not present in the continuum approach presented before. Next section will be devoted to confirm this
idea by applying a uniform electric field across a metallic armchair graphene nanoribbon (aGNR), a metallic armchair carbon
nanotube (aCNT) and a metallic zigzag carbon nanotube (zCNT).

Carbon-based Dirac materials: tight-binding and ab-initio calculations

In order to elucidate the generality of our result, we check for its occurrence in carbon-based Dirac materials, such as metallic
aGNRs, aCNTs and zCNTs. These systems can be easily described with a one-orbital nearest-neighbor hopping tight-binding
approximation with an electric field term. TB calculations confirm that the Fermi velocity is remarkably reduced, and the
results for the aGNR are further validated by means of a low-energy Dirac equation. Our results are summarized in figure 3,
leaving the details of the calculations for the Supplemental Information. As can be immediately noticed, all systems display
a significant reduction of the Fermi velocity as a function of the electric field. Our conjecture is then firmly established: the
Fermi velocity can be reduced via a uniform electric field. In the case of a metallic aGNR, shown in figure 3(a), the agreement
between the TB and Dirac approaches is noteworthy. It is worth mentioning that the approaches start to slightly differ when the
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ABSTRACT

Dirac materials are characterized by energy-momentum relations that resemble those of relativistic massless particles.
Commonly denominated Dirac cones, these dispersion relations are considered to be their essential feature. These materials
comprise quite diverse examples, such as graphene and topological insulators. Band-engineering techniques should aim to a
full control of the parameter that characterizes the Dirac cones: the Fermi velocity. We propose a general mechanism that
enables the fine-tuning of the Fermi velocity in Dirac materials in a readily accessible way for experiments. By embedding
the sample in a uniform electric field, the Fermi velocity is substantially modified. We first prove this result analytically, for the
surface states of a topological insulator/semiconductor interface, and postulate its universality to other Dirac materials. Then
we check its correctness in carbon-based Dirac materials, namely graphene nanoribbons and nanotubes, thus showing the
validity of our hypothesis in different Dirac systems by means of continuum, tight-binding and ab-initio calculations.

Introduction

A plethora of distinct materials are currently studied under the common feature of their low-energy excitations, resembling
those of massless Dirac fermions. In addition to graphene1, 2, two and three dimensional topological insulators and topological
crystalline insulators stand out as important examples of the so-called Dirac materials (see Ref.3 and references therein). Kane
and Mele4, based on seminal works by Thouless et al.5 and Haldane6 on the quantum Hall effect and its relation with topology,
were the first to suggest in 2005 the existence of these new topological phases of matter. In 2006, Bernevig et al.7 propounded a
topologically insulating system, namely a HgTe/CdTe quantum well. Their prediction led to the detection in 2007 of non-trivial
helical edge states, thus establishing the existence of the quantum spin Hall effect8.

From the standpoint of applications, Dirac materials are foreseen to be of paramount importance due to their universal
behavior and the robustness of their properties, ultimately linked to symmetry3. Their band structure resembles the energy-
momentum relation of relativistic massless particles where the energy dependence on the momentum is linear, hence the name
of Dirac cones. Substantial effort is being devoted to control the slope of these cones, that is, the Fermi velocity. This parameter
is essential for applications and it fully characterizes the Dirac cones. Fermi velocity modification has been predicted and
observed in few-layer graphene due to the rotation of two neighboring layers9, 10. Indeed, in twisted bilayer graphene, a change
in the band velocity was found for low rotation angles10. This velocity reduction can be traced back to the interaction of the two
Dirac cones, brought together due to band folding11. Additionally, other mechanisms have also been put forward to produce a
velocity change. For instance, Hwang et al. demonstrated that the Fermi velocity is inversely proportional to the dielectric
constant when the environment embedding graphene is modified12. Many-body effects can also affect the Fermi velocity. For
example, due to the divergence of the screening length at the neutrality point in graphene, a renormalization of the Fermi
velocity has been related to many-body effects13. This many-body effect has also been detected in a topological insulator,
namely, Bi2Te3

14.
Thus far, however, all these mechanisms apropos tailoring the Fermi velocity cannot be amply tuned at will, with the

exception of changing the rotation angle in bilayer graphene, which implies structural modifications that are cumbersome in
experiments. The aim of our work is to introduce a new mechanism, experimentally convenient, that enables fine-tuning of the
Fermi velocity. We shall prove that double-gated Dirac materials are excellent candidates to verify this effect.

Fermi velocity engineering in graphene
by substrate modification
Choongyu Hwang1, David A. Siegel1,2, Sung-Kwan Mo3, William Regan1,2, Ariel Ismach4,

Yuegang Zhang4, Alex Zettl1,2 & Alessandra Lanzara1,2

1Materials Sciences Division, Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA, 2Department of Physics,
University of California, Berkeley CA 94720, USA, 3Advanced Light Source, Lawrence Berkeley National Laboratory, Berkeley,
CA 94720, USA, 4The Molecular Foundry, Lawrence Berkley National Laboratory, Berkeley CA 94720, USA.

The Fermi velocity, vF, is one of the key concepts in the study of a material, as it bears information on a
variety of fundamental properties. Upon increasing demand on the device applications, graphene is viewed
as a prototypical system for engineering vF. Indeed, several efforts have succeeded in modifying vF by varying
charge carrier concentration, n. Here we present a powerful but simple new way to engineer vF while holding
n constant. We find that when the environment embedding graphene is modified, the vF of graphene is (i)
inversely proportional to its dielectric constant, reaching vF , 2.53106 m/s, the highest value for graphene
on any substrate studied so far and (ii) clearly distinguished from an ordinary Fermi liquid. The method
demonstrated here provides a new route toward Fermi velocity engineering in a variety of two-dimensional
electron systems including topological insulators.

D
ue to its lattice structure and position of the Fermi energy, the low-energy electronic excitations of
graphene are described by an effective field theory that is Lorentz invariant1. Unlike Galilean invariant
theories such as Fermi Liquids2 whose main relevant parameter is the effective mass, Lorentz invariant

theories are characterized by an effective velocity. Because of this, an increase of electron-electron interactions
induces an increase of the Fermi velocity, vF, in contrast to Fermi liquids, where the opposite trend is true3. In the
case of graphene, when electron-electron interactions are weak4, vF is expected to be as low as 0.853106 m/s,
whereas, for the case of strong interactions5, vF is expected to be as high as 1.733106 m/s.

Recently, Fermi velocities as high as ,33106 m/s6 have been achieved in suspended graphene through a
change of the carrier concentration n6–9. However, because this dependence is logarithmic, n needs to be changed
by two orders of magnitude in order to change the velocity by a factor of 3. This implies that it is unpractical to use
n as a way to engineer vF, let alone the fact that one should first realize suspended graphene in the device6. Several
other routes have also been proposed to engineer vF in graphene via the electron-electron interaction, including
modifications of: a) curvature of the graphene sheet10; b) periodic potentials11; c) dielectric screening12–14. While
the former two also substantially modify the starting material, the latter simply modifies the effective dielectric
constant, e, making it more appealing for device applications15. Despite this advantage, no systematic study of
how to engineer vF by changing e exists to date. Here we provide a new venue to control the Fermi velocity of
graphene using dielectrics, while keeping n constant.

Results
We perform such a study using three single-layer graphene samples, which were prepared by chemical vapor
deposition (CVD) on Cu, followed by an in situ dewetting of Cu on quartz (single crystal SiO2)16 or a transfer onto
hexagonal boron nitride (BN)17, and by epitaxial growth on 4H-SiC(000-1)18. Figures 1A and 1B show angle-
resolved photoemission spectroscopy (ARPES) intensity maps measured near the Brillouin zone corner K along
the C-K direction for the two CVD grown samples, which constitute the first report on Dirac quasiparticle
mapping from these samples. Following the maximum intensity, one can clearly observe almost linear energy
spectra, characteristic of Dirac electrons19. The momentum distribution curves (MDC), intensity spectra taken at
constant energy as a function of momentum, are shown in Fig. 1C. In addition to being proportional to the
imaginary part of the electron self-energy, the MDC spectral width provides information on the sample quality. A
clear increase of the width is observed by changing the substrate from SiC(000-1) via BN to quartz, a trend that is
in overall agreement with the theoretical expectation that the electron self-energy should vary with the inverse
square of the dielectric screening20, as later discussed. The quartz sample here used constitutes a substantial
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FIG. 1. Emission spectra of optically excited
Pbp. 8(Snp, feTe at about 12'K, obtained below threshold
at a GaAs-diode current of 3 A and above threshold at
6.4 and 10 A. The spectra above threshold show re-
solution-limited mode structure.

to a value of approximately 6.5 for the quanti-
ty [n, -X,dn/dX]. Coherent emission was also
obtained from a Pb0»Sn»Te-alloy sample
at 14.9 p, .
The luminescence data of Fig. 1 give an en-

ergy gap of 0.078 eV for Pb, „Sn, »Te at 12'K,
compared to 0.186 eV obtained in PbTe from
luminescence measurements at this tempera-
ture. ' A decrease of the energy gap with in-
crease in Sn concentration has also been ob-
served in Pb-rich Pb„Sn1 „Te alloys at 300'K
by means of optical-absorption measurements. '4
However, recent tunneling experiments' have
indicated that SnTe is a semiconductor with
an energy gap at 4.2 K of approximately 0.3
eV, i.e., larger than the energy gap of either
PbTe or Pb0.8ySn»Te at low temperatures.
Furthermore, inspection of the tunneling da-
ta at 300 K indicates that the band gap in SnTe
at this temperature is approximately 0.18 eV,
i.e. , smaller than the gap in SnTe at low tem-
peratures. This decrease in the energy gap
with increasing temperature is opposite to the
temperature dependence of the energy gap in
PbTe. These results lead us to propose a band-

structure model for the. Pb~Sn1 &Te alloys in
which the valence and conduction bands of SnTe
are inverted from those of PbTe.
The valence- and conduction-band edges in

PbTe occur at the L point in the Brillouin zone.
It is believed that the valence-band edge is an

state and the conduction-band edge is an
L6 state. ' According to our proposed band
model, with increasing Sn composition the en-
ergy gap initially decreases as the L, and L,
states approach each other, goes to zero at
some intermediate composition where the two
states become degenerate, and then increases,
with the L,+ state now forming the conduction-
band edge and the L, state forming the valence-
band edge. Since the L, and L, states each
have only a two-fold spin degeneracy, their
crossover does not result in a semimetal but
in a semiconductor with the valence and con-
duction bands interchanged. Figure 2 shows
schematically the proposed valence and conduc-
tion bands for PbTe, for the composition at
which the energy gap is zero, and for SnTe.
In Fig. 3, we have plotted the energy gap as

determined by the luminescence data at low
temperatures and by the optical-absorption
data at 300 K. The gap energies determined
from the tunneling experiments in SnTe are
also plotted but as negative values to conform
with the proposed inverted-band model. A dashed
curve has been drawn through the low-temper-
ature data to indicate roughly the gap variation
with composition, and a parallel curve has been
drawn through the room-temperature data.
The extrapolations indicate that at 12 K the
energy gap passes through zero at 1-x = 0.35
whereas at 300 K this occurs at 1-x=0.62.
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ABSTRACT

Dirac materials are characterized by energy-momentum relations that resemble those of relativistic massless particles.
Commonly denominated Dirac cones, these dispersion relations are considered to be their essential feature. These materials
comprise quite diverse examples, such as graphene and topological insulators. Band-engineering techniques should aim to a
full control of the parameter that characterizes the Dirac cones: the Fermi velocity. We propose a general mechanism that
enables the fine-tuning of the Fermi velocity in Dirac materials in a readily accessible way for experiments. By embedding
the sample in a uniform electric field, the Fermi velocity is substantially modified. We first prove this result analytically, for the
surface states of a topological insulator/semiconductor interface, and postulate its universality to other Dirac materials. Then
we check its correctness in carbon-based Dirac materials, namely graphene nanoribbons and nanotubes, thus showing the
validity of our hypothesis in different Dirac systems by means of continuum, tight-binding and ab-initio calculations.

Introduction

A plethora of distinct materials are currently studied under the common feature of their low-energy excitations, resembling
those of massless Dirac fermions. In addition to graphene1, 2, two and three dimensional topological insulators and topological
crystalline insulators stand out as important examples of the so-called Dirac materials (see Ref.3 and references therein). Kane
and Mele4, based on seminal works by Thouless et al.5 and Haldane6 on the quantum Hall effect and its relation with topology,
were the first to suggest in 2005 the existence of these new topological phases of matter. In 2006, Bernevig et al.7 propounded a
topologically insulating system, namely a HgTe/CdTe quantum well. Their prediction led to the detection in 2007 of non-trivial
helical edge states, thus establishing the existence of the quantum spin Hall effect8.

From the standpoint of applications, Dirac materials are foreseen to be of paramount importance due to their universal
behavior and the robustness of their properties, ultimately linked to symmetry3. Their band structure resembles the energy-
momentum relation of relativistic massless particles where the energy dependence on the momentum is linear, hence the name
of Dirac cones. Substantial effort is being devoted to control the slope of these cones, that is, the Fermi velocity. This parameter
is essential for applications and it fully characterizes the Dirac cones. Fermi velocity modification has been predicted and
observed in few-layer graphene due to the rotation of two neighboring layers9, 10. Indeed, in twisted bilayer graphene, a change
in the band velocity was found for low rotation angles10. This velocity reduction can be traced back to the interaction of the two
Dirac cones, brought together due to band folding11. Additionally, other mechanisms have also been put forward to produce a
velocity change. For instance, Hwang et al. demonstrated that the Fermi velocity is inversely proportional to the dielectric
constant when the environment embedding graphene is modified12. Many-body effects can also affect the Fermi velocity. For
example, due to the divergence of the screening length at the neutrality point in graphene, a renormalization of the Fermi
velocity has been related to many-body effects13. This many-body effect has also been detected in a topological insulator,
namely, Bi2Te3

14.
Thus far, however, all these mechanisms apropos tailoring the Fermi velocity cannot be amply tuned at will, with the

exception of changing the rotation angle in bilayer graphene, which implies structural modifications that are cumbersome in
experiments. The aim of our work is to introduce a new mechanism, experimentally convenient, that enables fine-tuning of the
Fermi velocity. We shall prove that double-gated Dirac materials are excellent candidates to verify this effect.
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Abstract

Topological phases of matter are often characterized by interface states,
which were already known to occur at the boundary of a band-inverted junc-
tion in semiconductor heterostructures. In IV-VI compounds such interface
states are properly described by a two-band model, predicting the appear-
ance of a Dirac cone in single junctions. We study the quantum-confined
Stark e↵ect of interface states due to an electric field perpendicular to a
band-inverted junction. We find a closed expression to obtain the interface
dispersion relation at any field strength and show that the Dirac cone widens
under an applied bias. Thus, the Fermi velocity can be substantially lowered
even at moderate fields, paving the way for tunable band-engineered devices
based on band-inverted junctions.

Keywords: Stark e↵ect, Fermi velocity, topological insulator
PACS: 73.20.At, 73.22.Dj, 81.05.Hd

1. Introduction

The advent of topology in condensed matter physics has drawn renewed
attention to band-inverted semiconductors. These systems were first reported
by Dimmock et al. in 1966 [1]. They showed that the fundamental gap be-
tween the bands with symmetries L

�
6 (conduction band) and L

+
6 (valence

band) in Pb1�x

Sn
x

Te decreases monotonically upon increasing the Sn frac-
tion and then reopens with the order of the bands inverted relative to those
of PbTe. Nowadays, ternary compounds Pb1�x

Sn
x

Te and Pb1�x

Sn
x

Se are
known to be topological crystalline insulators [2, 3, 4].
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A B S T R A C T

We perform first-principles based on the density function theory to investigate electronic and magnetic
properties of 1T-HfS2 monolayer with biaxial tensile strain and compressive strain. The results show that HfS2
monolayer under strains doesn’t display magnetic properties. When the strain is 0%, the HfS2 monolayer
presents an indirect band gap semiconductor with the band gap is about 1.252 eV. The band gap of HfS2
monolayer decreases quickly with increasing compressive strain and comes to zero when the compressive strain
is above −7%, the HfS2 monolayer system turns from semiconductor to metal. While the band gap increases
slowly with increasing tensile strain and comes to 1.814 eV when the tensile strain is 10%. By comparison, we
find that the compressive strain is more effective in band engineering of pristine 1T-HfS2 monolayer than the
tensile strain. And we notice that the extent of band gap variation is different under tensile strain. The change of
band gap with strain from 1% to 5% is faster than that of the strain 6–10%. To speak of, the conduction band
minimum (CBM) is all located at M point with different strains. While the valence band maximum (VBM) turns
from Γ point to K point when the strain is equal to and more than 6%.

1. Introduction

There has been a number of experimental and theoretical investiga-
tions of the geometric and electronic structure of the transition-metal
dichalcogenides (TMDs) [1–11]. For example, the chemical formula
MX2 (M = Ti, Zr, Hf, V, Nb, Ta, Cr, Mo, and W, X = S, Se and Te) [12].
They are a class of important layered materials, in which transition
metal and chalcogen atoms form X-M-X-type sandwich layers by
strong chemical bonding and between layers much weaker van der
Waals type interactions dominate [13,14]. Especially, semiconductor
heterojunctions of layered materials grown by van der Waals epitaxy
showing nearly defect-free interfaces (van der Waals epitaxy) led to an
increasing interest in the last years [15,16]. And they show easy
cleavage planes parallel to the layers to form low dimensional
structures [17–19] and ease of insertion of atoms or molecules in the
interstitial sites between adjacent layers [13]. At the same time, they
show highly anisotropic mechanical, optical, and electrical properties
[20,21]. Dimensionality plays a crucial role in determining basic
material properties, for example, graphene exhibits outstanding elec-
tronic, optical and mechanical properties, which are different in its
three-dimensional parent graphite [22–24]. Two-dimensional materi-
als are favorable channel materials for very short channel length in
nanoelectronics. The intrinsic lack of bandgap in graphene renders its
application, for instance a high dark current in photodetection [25,26].
Semiconducting transition-metal dichalcogenides (TMDs) have better

performance over gapless graphene for high on/off ratio originating
from a sizable bandgap. MoS2 is widely investigated, but with a
relatively low mobility and heavier electron effective mass [27].

1T-HfX2 transition-metal dichalcogenides show interesting semi-
conductor heterojunction quality, they display anisotropic electronic,
optical, mechanical properties, and single layer can be prepared by
mechanical and chemical exfoliation techniques [28–31]. In the case of
HfS2, HfS2 is the novel transition metal dichalcogenide. Very recently
experiments reveal that ultrathin HfS2 shows higher and faster
response and higher stability than most other two-dimensional materi-
als, making it a promising electronic and optoelectronic application
[32]. The optical absorption data of Greenaway et al. [33] show that
HfS2 and HfSe2 are semiconductors with indirect gaps of 1.96 and
1.13 eV, respectively. The band structure has been calculated by several
methods. All theoretical results give an indirect band gap. Fong et al.
[34] (empirical pseudopotential method) and Bullett [35] (atomic-
orbital method) get a fundamental band gap of about 1.9 eV, Murray
et al. [36] (semiempirical tight-binding method) and Mattheiss [37]
(nonrelativistic augmented plane-wave (APW) method) predict a
fundamental gap of about 2.7 eV. As we can see the results are different
by different methods. HfS2 has the potential for well-balanced mobility
(1800 cm2 /V·s) and band gap (1.2 eV) and hence it can be a good
candidate for realizing low-power devices [38]. The result is similar to
our result of band gap of HfS2 monolayer 1.25 eV. And they all find the
valence-band maximum (VBM) at the Γ point and the conduction-band
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ABSTRACT

Dirac materials are characterized by energy-momentum relations that resemble those of relativistic massless particles.
Commonly denominated Dirac cones, these dispersion relations are considered to be their essential feature. These materials
comprise quite diverse examples, such as graphene and topological insulators. Band-engineering techniques should aim to a
full control of the parameter that characterizes the Dirac cones: the Fermi velocity. We propose a general mechanism that
enables the fine-tuning of the Fermi velocity in Dirac materials in a readily accessible way for experiments. By embedding
the sample in a uniform electric field, the Fermi velocity is substantially modified. We first prove this result analytically, for the
surface states of a topological insulator/semiconductor interface, and postulate its universality to other Dirac materials. Then
we check its correctness in carbon-based Dirac materials, namely graphene nanoribbons and nanotubes, thus showing the
validity of our hypothesis in different Dirac systems by means of continuum, tight-binding and ab-initio calculations.

Introduction

A plethora of distinct materials are currently studied under the common feature of their low-energy excitations, resembling
those of massless Dirac fermions. In addition to graphene1, 2, two and three dimensional topological insulators and topological
crystalline insulators stand out as important examples of the so-called Dirac materials (see Ref.3 and references therein). Kane
and Mele4, based on seminal works by Thouless et al.5 and Haldane6 on the quantum Hall effect and its relation with topology,
were the first to suggest in 2005 the existence of these new topological phases of matter. In 2006, Bernevig et al.7 propounded a
topologically insulating system, namely a HgTe/CdTe quantum well. Their prediction led to the detection in 2007 of non-trivial
helical edge states, thus establishing the existence of the quantum spin Hall effect8.

From the standpoint of applications, Dirac materials are foreseen to be of paramount importance due to their universal
behavior and the robustness of their properties, ultimately linked to symmetry3. Their band structure resembles the energy-
momentum relation of relativistic massless particles where the energy dependence on the momentum is linear, hence the name
of Dirac cones. Substantial effort is being devoted to control the slope of these cones, that is, the Fermi velocity. This parameter
is essential for applications and it fully characterizes the Dirac cones. Fermi velocity modification has been predicted and
observed in few-layer graphene due to the rotation of two neighboring layers9, 10. Indeed, in twisted bilayer graphene, a change
in the band velocity was found for low rotation angles10. This velocity reduction can be traced back to the interaction of the two
Dirac cones, brought together due to band folding11. Additionally, other mechanisms have also been put forward to produce a
velocity change. For instance, Hwang et al. demonstrated that the Fermi velocity is inversely proportional to the dielectric
constant when the environment embedding graphene is modified12. Many-body effects can also affect the Fermi velocity. For
example, due to the divergence of the screening length at the neutrality point in graphene, a renormalization of the Fermi
velocity has been related to many-body effects13. This many-body effect has also been detected in a topological insulator,
namely, Bi2Te3

14.
Thus far, however, all these mechanisms apropos tailoring the Fermi velocity cannot be amply tuned at will, with the

exception of changing the rotation angle in bilayer graphene, which implies structural modifications that are cumbersome in
experiments. The aim of our work is to introduce a new mechanism, experimentally convenient, that enables fine-tuning of the
Fermi velocity. We shall prove that double-gated Dirac materials are excellent candidates to verify this effect.

Fermi velocity engineering in graphene
by substrate modification
Choongyu Hwang1, David A. Siegel1,2, Sung-Kwan Mo3, William Regan1,2, Ariel Ismach4,

Yuegang Zhang4, Alex Zettl1,2 & Alessandra Lanzara1,2

1Materials Sciences Division, Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA, 2Department of Physics,
University of California, Berkeley CA 94720, USA, 3Advanced Light Source, Lawrence Berkeley National Laboratory, Berkeley,
CA 94720, USA, 4The Molecular Foundry, Lawrence Berkley National Laboratory, Berkeley CA 94720, USA.

The Fermi velocity, vF, is one of the key concepts in the study of a material, as it bears information on a
variety of fundamental properties. Upon increasing demand on the device applications, graphene is viewed
as a prototypical system for engineering vF. Indeed, several efforts have succeeded in modifying vF by varying
charge carrier concentration, n. Here we present a powerful but simple new way to engineer vF while holding
n constant. We find that when the environment embedding graphene is modified, the vF of graphene is (i)
inversely proportional to its dielectric constant, reaching vF , 2.53106 m/s, the highest value for graphene
on any substrate studied so far and (ii) clearly distinguished from an ordinary Fermi liquid. The method
demonstrated here provides a new route toward Fermi velocity engineering in a variety of two-dimensional
electron systems including topological insulators.

D
ue to its lattice structure and position of the Fermi energy, the low-energy electronic excitations of
graphene are described by an effective field theory that is Lorentz invariant1. Unlike Galilean invariant
theories such as Fermi Liquids2 whose main relevant parameter is the effective mass, Lorentz invariant

theories are characterized by an effective velocity. Because of this, an increase of electron-electron interactions
induces an increase of the Fermi velocity, vF, in contrast to Fermi liquids, where the opposite trend is true3. In the
case of graphene, when electron-electron interactions are weak4, vF is expected to be as low as 0.853106 m/s,
whereas, for the case of strong interactions5, vF is expected to be as high as 1.733106 m/s.

Recently, Fermi velocities as high as ,33106 m/s6 have been achieved in suspended graphene through a
change of the carrier concentration n6–9. However, because this dependence is logarithmic, n needs to be changed
by two orders of magnitude in order to change the velocity by a factor of 3. This implies that it is unpractical to use
n as a way to engineer vF, let alone the fact that one should first realize suspended graphene in the device6. Several
other routes have also been proposed to engineer vF in graphene via the electron-electron interaction, including
modifications of: a) curvature of the graphene sheet10; b) periodic potentials11; c) dielectric screening12–14. While
the former two also substantially modify the starting material, the latter simply modifies the effective dielectric
constant, e, making it more appealing for device applications15. Despite this advantage, no systematic study of
how to engineer vF by changing e exists to date. Here we provide a new venue to control the Fermi velocity of
graphene using dielectrics, while keeping n constant.

Results
We perform such a study using three single-layer graphene samples, which were prepared by chemical vapor
deposition (CVD) on Cu, followed by an in situ dewetting of Cu on quartz (single crystal SiO2)16 or a transfer onto
hexagonal boron nitride (BN)17, and by epitaxial growth on 4H-SiC(000-1)18. Figures 1A and 1B show angle-
resolved photoemission spectroscopy (ARPES) intensity maps measured near the Brillouin zone corner K along
the C-K direction for the two CVD grown samples, which constitute the first report on Dirac quasiparticle
mapping from these samples. Following the maximum intensity, one can clearly observe almost linear energy
spectra, characteristic of Dirac electrons19. The momentum distribution curves (MDC), intensity spectra taken at
constant energy as a function of momentum, are shown in Fig. 1C. In addition to being proportional to the
imaginary part of the electron self-energy, the MDC spectral width provides information on the sample quality. A
clear increase of the width is observed by changing the substrate from SiC(000-1) via BN to quartz, a trend that is
in overall agreement with the theoretical expectation that the electron self-energy should vary with the inverse
square of the dielectric screening20, as later discussed. The quartz sample here used constitutes a substantial
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ABSTRACT

Dirac materials are characterized by energy-momentum relations that resemble those of relativistic massless particles.
Commonly denominated Dirac cones, these dispersion relations are considered to be their essential feature. These materials
comprise quite diverse examples, such as graphene and topological insulators. Band-engineering techniques should aim to a
full control of the parameter that characterizes the Dirac cones: the Fermi velocity. We propose a general mechanism that
enables the fine-tuning of the Fermi velocity in Dirac materials in a readily accessible way for experiments. By embedding
the sample in a uniform electric field, the Fermi velocity is substantially modified. We first prove this result analytically, for the
surface states of a topological insulator/semiconductor interface, and postulate its universality to other Dirac materials. Then
we check its correctness in carbon-based Dirac materials, namely graphene nanoribbons and nanotubes, thus showing the
validity of our hypothesis in different Dirac systems by means of continuum, tight-binding and ab-initio calculations.

Introduction

A plethora of distinct materials are currently studied under the common feature of their low-energy excitations, resembling
those of massless Dirac fermions. In addition to graphene1, 2, two and three dimensional topological insulators and topological
crystalline insulators stand out as important examples of the so-called Dirac materials (see Ref.3 and references therein). Kane
and Mele4, based on seminal works by Thouless et al.5 and Haldane6 on the quantum Hall effect and its relation with topology,
were the first to suggest in 2005 the existence of these new topological phases of matter. In 2006, Bernevig et al.7 propounded a
topologically insulating system, namely a HgTe/CdTe quantum well. Their prediction led to the detection in 2007 of non-trivial
helical edge states, thus establishing the existence of the quantum spin Hall effect8.

From the standpoint of applications, Dirac materials are foreseen to be of paramount importance due to their universal
behavior and the robustness of their properties, ultimately linked to symmetry3. Their band structure resembles the energy-
momentum relation of relativistic massless particles where the energy dependence on the momentum is linear, hence the name
of Dirac cones. Substantial effort is being devoted to control the slope of these cones, that is, the Fermi velocity. This parameter
is essential for applications and it fully characterizes the Dirac cones. Fermi velocity modification has been predicted and
observed in few-layer graphene due to the rotation of two neighboring layers9, 10. Indeed, in twisted bilayer graphene, a change
in the band velocity was found for low rotation angles10. This velocity reduction can be traced back to the interaction of the two
Dirac cones, brought together due to band folding11. Additionally, other mechanisms have also been put forward to produce a
velocity change. For instance, Hwang et al. demonstrated that the Fermi velocity is inversely proportional to the dielectric
constant when the environment embedding graphene is modified12. Many-body effects can also affect the Fermi velocity. For
example, due to the divergence of the screening length at the neutrality point in graphene, a renormalization of the Fermi
velocity has been related to many-body effects13. This many-body effect has also been detected in a topological insulator,
namely, Bi2Te3

14.
Thus far, however, all these mechanisms apropos tailoring the Fermi velocity cannot be amply tuned at will, with the

exception of changing the rotation angle in bilayer graphene, which implies structural modifications that are cumbersome in
experiments. The aim of our work is to introduce a new mechanism, experimentally convenient, that enables fine-tuning of the
Fermi velocity. We shall prove that double-gated Dirac materials are excellent candidates to verify this effect.

Fermi velocity engineering in graphene
by substrate modification
Choongyu Hwang1, David A. Siegel1,2, Sung-Kwan Mo3, William Regan1,2, Ariel Ismach4,

Yuegang Zhang4, Alex Zettl1,2 & Alessandra Lanzara1,2

1Materials Sciences Division, Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA, 2Department of Physics,
University of California, Berkeley CA 94720, USA, 3Advanced Light Source, Lawrence Berkeley National Laboratory, Berkeley,
CA 94720, USA, 4The Molecular Foundry, Lawrence Berkley National Laboratory, Berkeley CA 94720, USA.

The Fermi velocity, vF, is one of the key concepts in the study of a material, as it bears information on a
variety of fundamental properties. Upon increasing demand on the device applications, graphene is viewed
as a prototypical system for engineering vF. Indeed, several efforts have succeeded in modifying vF by varying
charge carrier concentration, n. Here we present a powerful but simple new way to engineer vF while holding
n constant. We find that when the environment embedding graphene is modified, the vF of graphene is (i)
inversely proportional to its dielectric constant, reaching vF , 2.53106 m/s, the highest value for graphene
on any substrate studied so far and (ii) clearly distinguished from an ordinary Fermi liquid. The method
demonstrated here provides a new route toward Fermi velocity engineering in a variety of two-dimensional
electron systems including topological insulators.

D
ue to its lattice structure and position of the Fermi energy, the low-energy electronic excitations of
graphene are described by an effective field theory that is Lorentz invariant1. Unlike Galilean invariant
theories such as Fermi Liquids2 whose main relevant parameter is the effective mass, Lorentz invariant

theories are characterized by an effective velocity. Because of this, an increase of electron-electron interactions
induces an increase of the Fermi velocity, vF, in contrast to Fermi liquids, where the opposite trend is true3. In the
case of graphene, when electron-electron interactions are weak4, vF is expected to be as low as 0.853106 m/s,
whereas, for the case of strong interactions5, vF is expected to be as high as 1.733106 m/s.

Recently, Fermi velocities as high as ,33106 m/s6 have been achieved in suspended graphene through a
change of the carrier concentration n6–9. However, because this dependence is logarithmic, n needs to be changed
by two orders of magnitude in order to change the velocity by a factor of 3. This implies that it is unpractical to use
n as a way to engineer vF, let alone the fact that one should first realize suspended graphene in the device6. Several
other routes have also been proposed to engineer vF in graphene via the electron-electron interaction, including
modifications of: a) curvature of the graphene sheet10; b) periodic potentials11; c) dielectric screening12–14. While
the former two also substantially modify the starting material, the latter simply modifies the effective dielectric
constant, e, making it more appealing for device applications15. Despite this advantage, no systematic study of
how to engineer vF by changing e exists to date. Here we provide a new venue to control the Fermi velocity of
graphene using dielectrics, while keeping n constant.

Results
We perform such a study using three single-layer graphene samples, which were prepared by chemical vapor
deposition (CVD) on Cu, followed by an in situ dewetting of Cu on quartz (single crystal SiO2)16 or a transfer onto
hexagonal boron nitride (BN)17, and by epitaxial growth on 4H-SiC(000-1)18. Figures 1A and 1B show angle-
resolved photoemission spectroscopy (ARPES) intensity maps measured near the Brillouin zone corner K along
the C-K direction for the two CVD grown samples, which constitute the first report on Dirac quasiparticle
mapping from these samples. Following the maximum intensity, one can clearly observe almost linear energy
spectra, characteristic of Dirac electrons19. The momentum distribution curves (MDC), intensity spectra taken at
constant energy as a function of momentum, are shown in Fig. 1C. In addition to being proportional to the
imaginary part of the electron self-energy, the MDC spectral width provides information on the sample quality. A
clear increase of the width is observed by changing the substrate from SiC(000-1) via BN to quartz, a trend that is
in overall agreement with the theoretical expectation that the electron self-energy should vary with the inverse
square of the dielectric screening20, as later discussed. The quartz sample here used constitutes a substantial
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Conclusions

ü Before ADF et al.: structural/many-body effects required (experimentally difficult)

ü After ADF et al.: double-gated Dirac materials (experimentally simpler)
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